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Abstract
The category DA1(S,Q) of relative cohomological 1-motives is the localising subcategory
of the triangulated category DA(S,Q) of relative Voevodsky motives with rational coefficients
over a scheme S which is generated by cohomological motives of curves over S. We construct
and study a candidate for the standard motivic t-structure on DA1(S,Q) (for S noetherian,
finite-dimensional and excellent). We show this t-structure is non-degenerate and relate its
heart MM1(S) with Deligne 1-motives over S; in particular, when S is regular, the category of
Deligne 1-motives embeds in MM1(S) fully faithfully. We also study the inclusion of DA1(S)
into the larger category DAcoh(S) of relative cohomological motives on S, and prove that its
right adjoint ω1 preserves compact objects.
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Introduction
We now have at our disposal a mature theory of triangulated categories of motivic sheaves with
rational coefficients over general base schemes. Here are some of its highlights.
• Given a noetherian finite-dimensional scheme S, there is a tensor triangulated Q-linear cat-
egory DA(S).
• There are realisation functors from DA(S) to classical triangulated categories of coefficients:
derived categories of abelian sheaves for the classical topology in the Betti setting [Ayo10]
and derived categories of ℓ-adic sheaves in the ℓ-adic setting [Ayo14a] [CD15].
• The assignement S 7→ DA(S) has a rich functoriality leading to a “formalism of Grothendieck
operations” [Ayo07a] [Ayo07b] (including nearby and vanishing cycles) which is compatible
via realisation functors with the classical Grothendieck operations for constructible sheaves in
the Betti setting and for ℓ-adic sheaves in the ℓ-adic setting [Ayo10, Theoreme 3.19], [Ayo14a,
Theoreme 9.7].
• Morphisms groups in DA(S) are related to rational algebraic K-theory for S regular [CD,
Corollary 14.2.14] and to Bloch’s higher Chow groups when S is smooth over a field [CD,
Example 11.23.].
• A natural finiteness condition leads to a subcategory DAc(S) of “constructible” motivic
sheaves, which is stable under Grothendieck operations and maps to the constructible derived
categories of classical coefficients via realisations functors [Ayo14a, §8] [CD, §15].
• The category DA(S) can be constructed in several ways, each of which captures important
aspects of the theory: motives without transfers [Ayo14a], Beilinson motives DMB(S) [CD],
motives with transfers DM(S) [CD] (in the case S is geometrically unibranch), h-motives
DMh(S) [Voe96] [CD] [CD15], etc. In each of those cases, it is constructed as the homo-
topy category of a stable combinatorial dg-model category, hence DA(S) admits natural
enhancements as a stable dg-category, a stable derivator and a stable (∞, 1)-category.
• When S is the spectrum of a perfect field k, the category DA(k) is in particular equivalent
to DM(k), which gives access to Voevodsky’s cancellation theorem [Voe10] and to the theory
of homotopy invariant sheaves with transfers [VSF00] [MVW06].
In view of those achievements, a major open question is the existence of the motivic t-structure
on DA(S), whose heart would provide an abelian category of mixed motivic sheaves realising the
conjectures of Beilinson [Jan94]. Here is one possible statement in terms of the ℓ-adic realisation.
Conjecture 0.1. Let S be a noetherian finite-dimensional scheme and ℓ a prime invertible on S.
• The ℓ-adic realisation functor Rℓ : DAc(S)→ Dbc(Se´t,Qℓ) is conservative.
• There exists a non-degenerate t-structure tMM on DAc(S) such that if we equip Dbc(Se´t,Qℓ)
with its standard t-structure, the functor Rℓ is t-exact.
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The t-structure tMM is uniquely determined by the compatibility with Rℓ if it exists, because
we include conservativity of realisations in the statement.
The case where S is the spectrum of a field (say of characteristic 0) is already extremely inter-
esting; the conjecture in that case implies the Beilinson-Soule´ vanishing conjecture for K-theory,
Grothendieck’s standard conjectures on algebraic cycles [Bei12] and the Bloch-Beilinson-Murre
conjectures on the structure of Chow groups of smooth projective varieties [Jan94]. Moreover, a
theorem of Bondarko [Bon15, Theorem 3.1.4] shows that for a large class of schemes, if tMM(K)
exists for any residue field K of such a scheme S, then the perverse analogue ptMM(S) of tMM(S)
exists, and one can then presumably reconstruct the standard motivic t-structure from the perverse
one as in [Sai90, 4.6.2].
Since the general conjecture seems inaccessible, one looks for subcategories of DA(S) where
one can hope to construct the restriction of the conjectural t-structure. For n ∈ N, we introduce
the subcategory DAn(S) of homological n-motives, i.e., the subcategory generated by homological
motives of smooth S-schemes of relative dimension less than or equal to n. It seems reasonable to
conjecture further that tMM should restrict to a t-structure tMM,n on DAn,c(S). For n ≥ 2, we
have no idea how to construct tMM,n even when S is a field. Our goal is to provide a reasonable
candidate for tMM,0 and tMM,1.
For a perfect field k, the structure of DA1(k) and tMM,1 have already been extensively studied.
Here is a summary of the main results, transferred from the set-up of DMeff in the original papers
to DA via the cancellation theorem and the comparison theorem of [CD, Corollary 16.2.22] (for
details on these results, we refer the reader to Sections 3.2 and 4.3).
Theorem 0.2 (Voevodsky, Orgogozo [Org04], Barbieri-Viale-Kahn [BVK16], Ayoub-Barbieri-Viale
[ABV09], Ayoub [Ayo11]). Let k be a perfect field and ℓ a prime different from char(k).
(i) There exists a non-degenerate t-structure tMM,1 on DA1(k) which restricts to DA1,c(k).
(ii) There is an t-exact equivalence of triangulated categories
DA1,c(k) ≃ D
b(M1(k))
where M1(k) is the abelian category of Deligne 1-motives over k with rational coefficients
[Del74].
(iii) The ℓ-adic realisation functor Rℓ : DA1,c(k)→ D(ke´t,Ql) is conservative and t-exact.
(iv) The inclusion of DA1(k) into the category DAhom(k) of all homological motives admits
a left adjoint, the “motivic Albanese functor” LAlb : DAhom(k) → DA1(k), which sends
constructible objects to constructible objects, and whose value on the motive of a smooth
k-variety X is closely related to its semi-abelian Albanese variety.
Our work builds on these results and the six operations formalism to produce a similar picture
for DA1(S).
The most natural approach to a motivic t-structure on DA1(S) would proceed by combining
the t-structures on DA1(s) provided by the previous theorem for all points s of S to a t-structure
on DA1(S), i.e., proving that the subcategories DA1(S)≥0 := {M ∈ DA1(S)|∀s ∈ S, s∗M ∈
DA1(s)≥0} and DA1(S)≤0 := {M ∈ DA1(S)|∀s ∈ S, s
∗M ∈ DA1(s)≤0} form a t-structure,
which would then automatically be compatible with standard t-structures on target categories of
realisation functors when they are defined. We do not know how to prove this in general, even
when restricting to subcategories of compact objects; the gluing arguments of [Bon15, §3.2] are
tailored for “perverse” t-structures and cannot be applied directly. We refer however to [Vai17] for
a different approach to the motivic t-structure for 1-motives via gluing.
We thus implement an alternative approach, which is inspired by another description [Ayo11,
Proposition 3.7] of tMM,1(k) for a perfect field k, as a generated t-structure in the sense of [Ayo07a,
Definition 2.1.71]. This leads to a t-structure tMM,1(S) on DA1(S) (Definition 4.10). Let us write
MM1(S) for its heart.
Theorem 0.3 (4.30, 4.22, 4.31, 4.24). Let S be a noetherian finite-dimensional excellent scheme.
3
(i) If S is the spectrum of a perfect field k, the t-structure tMM,1(k) coincides with the t-structure
of Theorem 0.2.
(ii) The t-structure tMM,1(S) is non-degenerate.
(iii) Write M1(S) for the Q-linear category of Deligne 1-motives over S with rational coefficients.
The natural functor Σ∞ :M1(S)→ DA(S) factors through MM1(S), and is fully faithful if
S is regular.
(iv) Let G be a smooth commutative group scheme with connected fibres. Then the motive Σ∞GQ[−1]
is in MM1(S).
The result (iv) on Σ∞GQ[−1] was announced in [AHPL16]; there, this motive appeared as the
H1 piece in a ”Ku¨nneth-type” decomposition of the homological motiveMS(G) [AHPL16, Theorem
3.3].
In the relative situation, it is unclear whether the left adjoint LAlb of the inclusion DA1(S)→
DAhom(S) actually exists. We can however define a motivic analogue of the Picard scheme. We
have a category DA1(S) of cohomological 1-motives (resp. DAcoh(S) of cohomological motives)
and it turns out that DA1(S) = DA1(S)(−1) (Proposition 1.28), so that DA
1(S) also has a
motivic t-structure t1
MM
= tMM,1(−1) which satisfies analogues of the theorems above. The
inclusion DA1(S) → DAcoh(S) admits a right adjoint ω1 : DAcoh(S) → DA1(S), as a corollary
of Neeman’s version of Brown representability for compactly generated categories; however, unlike
most right adjoints constructed this way, ω1 satisfies a strong finiteness property.
Theorem 0.4 (3.21). Let S be a noetherian finite-dimensional excellent scheme satifying resolution
of singularities by alterations. Then ω1 sends compact objects to compact objects.
The main step of the proof is to compute ω1 in a special case, namely ω1(f∗QX) with S regular
and f : X → S smooth projective “Pic-smooth” (Definition 2.37). In this case, Theorem 3.15
shows that
ω1(f∗QX) ≃ Σ
∞P (X/S)(−1)[−2]
where P (X/S) is the Picard complex of f , an object closely related to the Picard scheme of X over
S. Another proof of Theorem 3.21 is given in [Vai17] (for schemes of finite type over a field, but
the arguments carry through in our context).
The results above on tMM,1 and ω
1 also have (simpler) counterparts for the category DA0(S)
of 0-motives and for the functor ω0, which we establish along the way.
The two main questions which this work leaves open are whether the t-structure tMM,1 restricts
to compact objects and whether the resulting t-structure on DA1,c(S) satisfies the analogue of
Conjecture 0.1, i.e., whether the ℓ-adic realisation on DA1,c(S) is then t-exact. In [Pep17], we
answer both questions positively. The fact that tMM,1 restricts to compact objects has also been
established, with a different argument, in the preprint [Vai17].
We have chosen to work with motives with rational coefficients. The theory of triangulated
categories of motives with integral coefficients naturally splits in two: a “Nisnevich” version and
an “tale” version, depending on what topology we want to have descent for. Voevodsky already
observed that the Nisnevich categoryDMNis(S,Z) does not admit a motivic t-structure, even when
S is the spectrum of a field. Let Λ be a ring of coefficients. Then, if we make the assumption that
every prime is invertible either in Λ or in OS , the category DAe´t(S,Λ) is rather well understood.
The key statement is the relative rigidity theorem of Ayoub [Ayo14a, Theoreme 4.1] which roughly
tells us that the category of e´tale motives with torsion coefficients coincides with the derived
category of torsion e´tale sheaves. Building on this, one can show that with these hypotheses,
the motivic t-structure on DAe´t(S,Λ) exists if and only if it exists for DAe´t(S,Λ ⊗ Q). More
specifically for 1-motives over a perfect field k with exponential characteristic p, the motivic t-
structure on DAe´t,1(k,Z[
1
p ]) was constructed in [BVK16, Remark 2.7.2]. It seems likely that the
ideas of [BVK16] on 1-motives with torsion and the relative rigidity theorem can be combined with
the methods of this paper to give a satisfactory theory of tMM,1 and ω
1 for relative e´tale motives
with integral coefficients.
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Structure of this paper
Let S be a finite-dimensional noetherian scheme. In Section 1, we introduce the categoriesDAn(S)
of homological n-motives (resp. DAn(S) of cohomological n-motives) which are full subcategories
of DA(S) generated as triangulated categories with small sums by homological (resp. cohomologi-
cal) motives of smooth (resp. proper) S-schemes of relative dimension less or equal to n (Definition
1.1). We then study their permanence properties under Grothendieck operations (Propositions 1.10
to 1.18) and prove that the homological and cohomological variants are closely related (Proposition
1.28).
In Section 2, we study the motives associated to smooth commutative group schemes over S
and prove that they live in DA1(S) (Proposition 2.15). We also study motives attached to Deligne
1-motives. Finally, we introduce a motive attached to what we call the Picard complex P (X/S) of
a morphism of schemes f : X → S. It is an object in a derived category of sheaves which packages
together information about the relative connected components of f and the Picard scheme of X/S;
in some cases, P (X/S) yields a motive in DA1,c(S) (Corollary 2.57).
In Section 3, we introduce and study the right adjoint ω1 : DAcoh(S) → DA1(S) to the
embedding of cohomological 1-motives into cohomological motives. We first establish a number of
relatively formal results involving its commutation properties with the six operations (Proposition
3.3). The main result is then that ω1 preserves constructibility (Theorem 3.21). This relies on
combining techniques from [AZ12] with a computation of ω1(f∗QX) in a favorable situation: the
precise statement involves the motive of the Picard complex from the previous section.
In Section 4, we finally introduce a candidate for the motivic t-structure on DA1(S) and
DA1(S), using the formalism of generated t-structures. A number of equivalent generating families
can be used for this purpose (see Definition 4.4). We prove some basic exactness properties for the
six operations. The main result we show is that motives attached to Deligne 1-motives lie in the
heartMM1(S) of the t-structure onDA1(S), and that the categoryM1(S) embeds fully faithfully
into MM1(S) for S regular. Most results in this section require the additional assumption that S
is excellent.
Appendix A provide technical results about Deligne 1-motives over a general base. Appendix
B gathers some computations of motivic cohomology groups for Q(0) and Q(1) which are used at
several places in the text.
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Background, conventions and notations
We collect here several conventions and pieces of notation which will be used throughout this paper.
When considering several variants of a category in parallel, distinguished by a decoration, we
put the decoration in parenthesis. For instance, when considering categories of both compact and
non-compact motives, we write DA(c)(S).
Homological algebra in abelian and triangulated categories
When discussing complexes in abelian categories and t-structures on triangulated categories, we
consistently use homological indexing conventions.
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Let F : T → T ′ be a triangulated functor between triangulated categories with t-structures.
We say that F is t-positive or right t-exact (resp. t-negative or left t-exact) if F (T≥0) ⊂ T
′
≥0 (resp.
F (T≤0) ⊂ T ′≤0).
Let T be a triangulated category, and G be a family of objects of T . We introduce a number of
subcategories of T generated in various ways by G. Recall that a triangulated subcategory is said
to be thick (resp. localising) if it is stable by direct factors (resp. small sums).
We denote by 〈G〉 (resp. 〈G〉+, 〈G〉−) the smallest thick triangulated subcategory of T (resp.
the smallest subcategory stable by extensions, positive shifts and direct factors, the smallest sub-
category stable by extensions, negative shifts and direct factors) containing G. Assume now that
T admits small sums; by convention, this includes the hypothesis that small sums of distinguished
triangles are distinguished triangles. We denote by ⟪G⟫ (resp. ⟪G⟫+, ⟪G⟫−) the smallest localising
triangulated subcategory of T (resp. the smallest subcategory stable by extensions, small sums
and [+1], the smallest subcategory stable by extensions, small sums and [−1]) containing G. Note
that 〈G〉 ⊂ ⟪G⟫ by [Ayo07a, Lemme 2.1.17].
In the constructions above, we refer informally to G as the generating family and to objects of
G as generators. In each case, these subcategories can be defined by an induction (transfinite in
the ⟪−⟫ cases): start with the full subcategory with objects G[Z]; to pass to a successor ordinal,
introduce, depending on the case, cones of all morphisms and direct factors of all objects, just the
cones and direct factors, just the cocones and direct factors, the cones, direct factors and small
sums, etc.; finally, to pass to a limit ordinal, take the union over all previous subcategories. These
subcategories do not change if one replaces T by a triangulated subcategory containing G and
which is stable by direct factors in the 〈−〉 case and stable under small sums in the ⟪−⟫ case. In
practice, this means we do not need to specify the ambient triangulated category.
We adopt the notational convention that functors between triangulated categories are triangu-
lated by default, i.e., we write f∗ for Rf∗, f
∗ for Lf∗, ⊗ for ⊗L, atr for Latr, etc. In the few cases
where we need to refer to the “underived functor”, that is, the underlying Quillen functor at the
level of model categories, we underline the notation, i.e., we write f∗, f
∗, ⊗, atr, etc.
Schemes and group schemes
Unless specified, all schemes are noetherian and finite-dimensional. The notation Sm/S (resp.
Sch/S) denotes the category of all smooth S-schemes (resp. all separated, locally of finite type
S-schemes), usually considered as a site with the e´tale topology.
A geometric point of a scheme S is a morphism s¯ : Spec(k)→ S with k an algebraically closed
field.
Definition 0.5. A morphism f : X → S between noetherian schemes is an alteration if it is
proper, surjective, generically finite, and if the union of the fibers of f above the finitely many
generic points of S is dense in X (this is implied by the first three conditions if X and S are
integral).
We say that a scheme S admits the resolution of singularities by alterations if for any separated
S-scheme X of finite type and any nowhere dense closed subset Z ⊂ X , there is a projective
alteration g : X ′ → X with X ′ regular and such that g−1(Z) is a strict normal crossing divisor.
The best result available in this direction is due to Temkin [Tem17, Theorem 1.2.4]: any S which
is of finite type over a quasi-excellent scheme of dimension ≤ 3 satisfies resolution of singularities
by alterations.
Let us recall basic terminology and facts about exact sequences of group schemes. Let
(C) : 0→ G′
i
→ G
p
→ G′′ → 0
be a sequence of commutative group schemes over a scheme S. We say that (C) is exact if it induces
an exact sequence of fppf sheaves on Sch/S. If (C) is exact, then G′ is the scheme-theoretic kernel
of p and p is a surjective morphism of schemes. In the other direction, if p is an fppf epimorphism
and G′ is its scheme-theoretic kernel, then (C) is exact. Moreover, if the group scheme G′ is
smooth over S, then one obtains an equivalent definition by replacing the fppf topology with the
e´tale topology. Indeed, G→ G′′ is an G′-torsor, because the action of G′ on G is free, and an fppf
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torsor under a smooth group is also an tale torsor, because a smooth surjective morphism has local
sections in the tale topology [Gro67, 17.16.3 (ii)].
Triangulated categories of motives
We work in the context of the stable homotopical 2-functorDAe´t(−,Q) considered in [Ayo14a, §3].
Most results in the paper are still valid, with the same proofs, for DAe´t(−, R) with R a Q-algebra;
however, we stick to R = Q for simplicity.
Since we only consider the e´tale topology and rational coefficients, we simplify the notation
and write DA(S) for DAe´t(S,Q). The category DA(S) is equivalent to several other triangulated
categories of motives with rational coefficients, e.g. Beilinson motives [CD]: see [CD, §16] for
various comparison theorems.
By [Ayo07a], the system of categories DA(−) admits the functoriality of the Grothendieck
six operations. In particular, for any quasi-projective morphism f : S → T of schemes, Ayoub
constructs adjoint pairs
f∗ : DA(T )⇆ DA(S) : f∗
f! : DA(S)⇆ DA(T ) : f
!
and when f is smooth
f♯ : DA(S)⇆ DA(T ) : f
∗.
There is a morphism of functors f! → f∗, which is an isomorphism for f projective. Given a smooth
S-scheme f : X → S, we also write MS(X) for the homological motive f♯f∗QS ∈ DA(S).
Note that for those operations, as well as for the pullbacks and pushforwards functors on
derived categories of sheaves on Sm/−, the notation f∗, f∗, . . . stands for the triangulated or
derived functors. When we want to use the underived functor, we underline the functor: f∗, f
∗
, . . .
In the definitions of the Grothendieck operations, one can relax the condition that f is quasi-
projective in the following ways.
(i) As observed in [Ayo15, Appendice 1.A], one can define f∗ and f∗ for any morphism f (without
any finiteness hypothesis), and prove for instance that proper base change [Ayo14a, Proposi-
tion 3.5], the Ex∗♯ isomorphism [Ayo14a, Proposition 3.6] and “regular base change” [Ayo15,
Corollaire 1.A.4] still hold.
(ii) As observed in [CD, Theorem 2.2.14], one can define the exceptional functors f! and f
! for
any f separated of finite type, and prove that all the properties in [Ayo07a] still hold (in
particular with f! ≃ f∗ for any f proper).
We freely use these more general constructions and results.
The six operations for DA(−) satisfy a large number of properties and compatibilities (see
[Ayo14a, Proposition 3.2], [Ayo07a, Scholie 1.4.2]). For results which come up repeatedly in this
paper, we introduce the following terminology. Let
Z
g˜
//
f˜

X
f

W g
// Y
be a cartesian square of morphisms of schemes.
• By the Ex∗♯ isomorphism (resp. the Ex
!
∗ isomorphism, the Ex
∗
! isomorphism), we mean the
natural isomorphism f˜♯g˜
∗ ∼−→ g∗f♯ for f smooth (resp. the natural isomorphism f˜∗g˜!
∼
−→
g!f∗, the natural isomorphism g
∗f!
∼
−→ f˜!g˜
∗).
• By “smooth base change”, we mean the natural isomorphism g∗f∗
∼
−→ f˜∗g˜∗ for g smooth.
• By “proper base change”, we mean the natural isomorphism g∗f∗
∼
−→ f˜∗g˜∗ for f proper, and
its generalisations g∗f!
∼
−→ f˜!g˜∗ and f !g∗
∼
−→ g˜∗f˜ ! for f separated of finite type.
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• Let i : Z → X be a closed immersion and j : U → X be the complementary open immersion.
When we write “by localisation”, we mean the use of the distinguished triangle of functors
j♯j
∗ → id→ i∗i
∗ +→ .
Dually, when we write “by colocalisation”, we mean the use of the distinguished triangle of
functors
i!i
! → id→ j∗j
∗ +→ .
• By “relative purity”, we mean the fact that for any smooth morphism f : S → T of pure
relative dimension d, there are isomorphisms of functors f! ≃ f♯(d)[2d] and f ! ≃ f∗(−d)[−2d].
• By “the separation property for DA”, we mean the fact that for any surjective morphism
of finite type (resp. any finite surjective radicial morphism) f : S → T , the functor f∗ :
DA(T ) → DA(S) is conservative (resp. an equivalence of categories) [Ayo14a, The´ore`me
3.9].
• By “absolute purity”, we mean the fact that for any regular immersion i : S → T of pure codi-
mension d, we have i!QT ≃ QS(−d)[−2d] ( [Ayo14a, Corollaire 7.5] and [Ayo14a, Remarque
11.2]).
• By “cohomological h-descent”, we mean the fact that for any finite type morphism f : S → T
of quasi-excellent schemes and any hypercover π• : S• → S in Voevodsky’s h-topology, the
natural morphism of functors
f∗f
∗(−)→ f∗(π•)∗π
∗
•f
∗(−)
(which is part of the algebraic derivator structure for DA(−)) is an isomorphism [CD, Theo-
rem 14.3.4]. In particular, we apply this in the case f = id and through the induced descent
spectral sequence for morphisms groups in DA(−); namely, for such an hypercover π• and
for any motives M,N ∈ DA(S), there is a cohomological spectral sequence
Ep,q1 = DA(Sp)(π
∗
pM,π
∗
pN [q])⇒ DA(S)(M,N [p+ q]).
Note that this spectral sequence is only contained a priori in the right half-plane and so is
not guaranteed to converge in general.
We also need some functoriality properties for categories of (effective) motives with transfers.
For any noetherian finite-dimensional scheme S, we have tensor triangulated Q-linear categories
DM(eff)(S). By [CD, §11.1.a.], when S vary, these acquire the structure of a “premotivic category”
in the sense of loc. cit.; in particular, for any morphism f : T → S, there are adjunctions
f∗ : DM(eff)(S)⇆ DM(eff)(T ) : f∗
and, when f is smooth, there are adjunctions
f♯ : DM
(eff)(T )⇆ DM(eff)(S) : f∗
These satisfy a smooth base change and a smooth projection formula. We write QtrS for the
monoidal unit of DM(eff)(S) and, for f : X → S a smooth morphism, we write M
(eff),tr
S (X) for
the homological motives f♯f
∗QtrS ∈ DM
(eff)(S).
1 Triangulated categories of n-motives
Categories of motives are naturally filtered by the dimension of “geometric generators”, and such
filtrations have been studied in various motivic contexts [Bei02] [ABV09] [Ayo11]. We give defini-
tions in the context of DA(−) and prove a number of basic results. Since such a treatment does
not appear in the literature, we study a more general situation than is necessary for the rest of
the paper; outside of this section, we are concerned with the special case of (co)homological 0-
and 1-motives. Note that some of our results on the operations for cohomological motives are also
discussed in [Vai16, §3.1].
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1.1 Definitions
We fix a (noetherian, finite-dimensional) base scheme S and an integer n ≥ 0 for the remainder of
this section.
Definition 1.1. The category DAcoh(S) (resp. DAhom(S)) of cohomological motives (resp. ho-
mological motives) is the full subcategory of DA(S) defined as
DAcoh(S) = ⟪f∗QX | f : X → S proper morphism⟫
(resp.
DAhom(S) = ⟪f♯QX | f : X → S smooth morphism⟫).
The category DAn(S) (resp. DAn(S)) of cohomological n-motives (resp. homological n-motives)
is the full subcategory of DA(S) defined as
DAn(S) = ⟪f∗QX | f : X → S proper morphism of relative dimension ≤ n⟫
(resp.
DAn(S) = ⟪f♯QX | f : X → S smooth morphism of relative dimension ≤ n⟫).
Remark 1.2. As we will see in Proposition 1.28, the categories DAn(S) and DA
n(S) are in fact
equivalent as triangulated categories, so that many questions about DAn(S) can be reduced to
DAn(S). In the special cases n = 0, 1, this is a crucial ingredient for several results in this paper.
However to establish Proposition 1.28 we need to study DAn and DA
n in parallel.
We have subcategories of smooth and geometrically smooth objects. Recall that an object X
in a symmetric monoidal category is said to be strongly dualisable if there exists an object X∨
together with morphisms ǫ : 1→ X ⊗X∨ and η : X∨ ⊗X → 1 satisfying the classical adjunction
triangle laws.
Definition 1.3. The category DAsm(S) (resp, DAcohsm (S), DA
sm
hom(S)) of smooth motives (resp.
smooth cohomological motives, smooth homological motives) is defined as
DAsm(S) = ⟪M ∈ DA(S)| M strongly dualisable ⟫
(resp.
DAcohsm (S) = ⟪M ∈ DA
coh(S)| M strongly dualisable in DA(S)⟫,
DAsmhom(S) = ⟪M ∈ DAhom(S)| M strongly dualisable in DA(S)⟫).
The category DAgsm(S) (resp. DAcohgsm(S), DA
gsm
hom(S)) of geometrically smooth motives (resp.
geometrically smooth cohomological motives resp. of geometrically smooth homological motives) is
the full subcategory of DA(S) defined as
DAgsm(S) = ⟪f♯QX(−n)| f : X → S proper smooth morphism, n ∈ Z⟫
(resp.
DAcohgsm(S) = ⟪f∗QX | f : X → S proper smooth morphism⟫,
DA
gsm
hom(S) = ⟪f♯QX | f : X → S proper smooth morphism⟫).
We then define their subcategories of n-motives as
DAngsm(S) = ⟪DA
n(S) ∩DAcohgsm,c(S)⟫
DAgsmn (S) = ⟪DAn(S) ∩DA
gsm
hom,c(S)⟫
DAnsm(S) = ⟪DAn(S) ∩DA
coh
sm,c(S)⟫
and DAsmn (S) = ⟪DAn(S) ∩DA
sm
hom,c(S)⟫.
We also have categories of strongly geometrically smooth n-motives
DAnsgsm(S) = ⟪f∗QX | f : X → S proper smooth morphism of relative dimension ≤ n⟫,
DAsgsmn (S) = ⟪f♯QX | f : X → S proper smooth morphism of relative dimension ≤ n⟫).
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Remark 1.4. We have DAsgsmn (S) ⊂ DA
gsm
n (S). Deciding whether this is an equality seems
difficult, although we can prove this when S is the spectrum of a field, see Proposition 1.26.
Our motivation for introducing geometrically smooth 1-motives is that the notion of strongly
geometrically smooth 1-motives is too strong for what we can actually establish about motives
attached to Deligne 1-motives, as the proof of Corollary 2.19 below shows.
Lemma 1.5. Geometrically smooth objects are smooth: we have DAgsm(S) ⊂ DAsm(S),
DA
gsm
hom(S) ⊂ DA
sm
hom(S), etc.
Proof. This result is due to Riou [Rio05] in the case of the stable motivic homotopy category, and
the same proof applies to DA. One can also look at [CD15, Lemma 4.2.8].
Remark 1.6. Proposition 1.26 below shows that when S is the spectrum of a field, any motive is
geometrically smooth.
It is not clear if one should expect DAsm(S) (resp. DAsmhom, DA
sm
n , etc.) to be generated by
motives coming from smooth projective morphisms. Informally, when S is a discrete valuation
ring, it would mean that a “motive with good reduction” is always realisable in the cohomology of
a variety with good reduction.
There is a further reasonable definition of a smooth-like object in DAc(S), namely a motive
whose realisations have cohomology sheaves which are local systems (in the appropriate sense, e.g.
lisse ℓ-adic sheaves). This is conjecturally equivalent to being strongly dualisable; this equivalence
would follow from the conservativity of realisation functors.
An important property of smooth compact objects is that they satisfy a form of absolute purity.
Proposition 1.7. Let i : Z → S be an immersion. For M ∈ DAsm(S) and any N ∈ DA(S),
there is an isomorphism
i∗M ⊗ i!N ≃ i!(M ⊗N)
which is functorial in M and N , so that in particular, for any f : M → M ′ ∈ DAsmc (S) the
diagram
i∗M ⊗ i!N
i∗(f)
//

i∗M ′ ⊗ i!N

i!(M ⊗N)
i!(f)
// i!(M ′ ⊗N)
commutes. If i is a regular immersion of codimension c, we have a functorial purity isomorphism
i∗M ≃ i!M(c)[2c].
Proof. We first reduce to the case of closed immersions. Since we work with noetherian schemes,
i is quasi-compact, so that we can write i = ı¯ ◦ j with j an open immersion and ı¯ a closed
immersion [Sta, 01QV]. We then have a natural isomorphism j∗ ≃ j! and j∗ is monoidal, so that
i∗M ⊗ i!N ≃ j∗ (¯ı∗M ⊗ ı¯!N) and i!(M ⊗N) ≃ j∗ı¯!(M ⊗N).
We can thus assume that i is a closed immersion. In this case, by [Ayo07a, Lemme 2.3.12], there
exists for any M,N ∈ DA(S) a map
i∗M ⊗ i!N → i!(M ⊗N)
which by [Ayo07a, Lemme 2.3.10, Proposition 2.1.103] is defined as the composition
i∗M ⊗ i!N
∼
→ i!i∗(i
∗M ⊗ i!N)
∼
← i!(M ⊗ i∗i
!N)→ i!(M ⊗N)
where the first arrow is induced by the unit of the adjunction (i! = i∗, i
!) (invertible because i∗ is
fully faithful), the second arrow is the invertible map qd of [Ayo07a, Lemme 2.3.10], and the third
arrow is induced by the counit of the adjunction (i∗, i∗).
This map is functorial inM,N , and the functors i∗, i!,⊗ commute with small sums (the proof is
easy and recalled in Lemma 1.11 below), hence it suffices to show that it is an isomorphism for M
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strongly dualisable. By construction, it suffices to show that the map i!(M ⊗ i∗i!N)→ i!(M ⊗N)
is then an isomorphism, or equivalently, by localisation, that its cone i!(M ⊗ j∗N) vanishes (where
j : S \ Z → S is the complementary open immersion). Let P ∈ DA(Z). We have
DA(Z)(P, i!(M ⊗ j∗N)) ≃ DA(S)(i∗P,M ⊗ j∗N)
≃ DA(S)(i∗P ⊗ Hom(M,Q), j∗N)
≃ DA(S \ Z)(j∗(i∗P ⊗ Hom(M,Q), N)
≃ DA(S \ Z)(j∗i∗P ⊗ j
∗
Hom(M,Q), N)
where we have used adjunctions, the monoidality of j∗ and the biduality property for the strongly
dualisable object M . Since i∗j∗ = 0, we deduce by Yoneda that i
!(M ⊗ j∗N) = 0.
In the case of a regular immersion, we combine the result with the absolute purity isomorphism
i!Q ≃ Q(−c)[−2c].
Lemma 1.8. Let T be one of DAhom(S), DA
coh(S), DAn(S), DA
n(S) or their subcategories of
smooth or (strongly) geometrically smooth objects. Then the triangulated category T is compactly
generated by its generating family, and an object of T is compact if and only if it is compact in
DA(S).
Proof. Write G for the generating family of T . By the fact that strongly dualisable objects in a
symmetric monoidal triangulated category with compact unit are automatically compact (for the
DAsm(S) case) and [Ayo14a, Proposition 3.20, Proposition 8.5] (for the other cases), we see that
all objects of G are compact. This means that T is compactly generated by G. Write Tc for the
full subcategory of objects of T which are compact in T . By [Nee01, Lemma 4.4.5], Tc = 〈G〉. In
particular any object of Tc is compact in DA(S); the converse implication is clear.
Definition 1.9. We writeDAcohc (S),DAhom,c(S), etc. for the full subcategories of compact objects
of DAcoh(S), DAhom(S), etc.
1.2 Permanence properties
The subcategories we have introduced are each stable under certain Grothendieck operations. We
start with the compatibilities with the monoidal structure.
Proposition 1.10. Let S be a base scheme.
(i) DAcoh(c) (S) is stable by tensor products and negative Tate twists.
(ii) For all m,n ≥ 0, we have DAm(c)(S)⊗DA
n
(c)(S) ⊂ DA
m+n
(c) (S).
(iii) For all m,n ≥ 0, we have DAm(c)(S)(−n) ⊂ DA
m+n
(c) (S).
(iv) DAhom,(c)(S) is stable by tensor products and positive Tate twists.
(v) For all m,n ≥ 0, we have DAm,(c)(S)⊗DAn,(c)(S) ⊂ DAm+n,(c)(S).
(vi) For all m,n ≥ 0, we have DAm,(c)(S)(n) ⊂ DAm+n,(c)(S).
The same properties hold for the smooth and (strongly) geometrically smooth versions of those
subcategories.
Proof. First, note that ⊗ commutes with small sums in both variables, being a left adjoint. This
reduces the proof to checking the result for generators.
Let us prove point (i). Recall that we have a projection formula for f! and f
∗ from [Ayo07a,
Theoreme 2.3.40], i.e., for any finite type separated morphism f : S → T and anyM ∈ DA(S), N ∈
DA(T ), we have a natural isomorphism
f!(M ⊗ f
∗N) ≃ f!M ⊗N.
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Let g : X → S and h : Y → S be proper morphisms. Let Z = X ×S Y and let g′ : Z → Y and
h′ : Z → X be the two projections. We have a sequence of isomorphisms
g∗QX ⊗ h∗QY ≃ g!QX ⊗ h!QY
≃ g!(QX ⊗ g
∗h!QY )
≃ g!h
′
!(g
′)
∗
QY
≃ g∗h
′
∗QZ
where the first and fourth isomorphisms follows from properness, the second is the projection
formula and the third is the Ex∗! isomorphism. This shows that g∗QX ⊗ h∗QY is cohomological.
The negative Tate twist QS(−n) is cohomological, as it is a direct factor of (PnS → S)∗Q. This
finishes the proof of (i). The same proof, combined with the fact that relative dimension is stable
by base change and adds up in compositions, gives (ii) and (iii).
For the proof of point (iv), we use a parallel argument; we combine the projection formula for
f♯ and f
∗ of [Ayo07b, Proposition 4.5.17] with the Ex∗♯ isomorphism and the fact that QS(n) is a
direct factor of (PnS → S)♯Q by the projective bundle formula. The same proof, combined with the
fact that relative dimension is stable by base change and adds up in compositions, gives (v) and
(vi).
Finally, the analoguous statement for smooth and (strongly) geometrically smooth versions
follow from similar arguments together with the fact that a tensor product of strongly dualisable
objects is strongly dualisable.
Lemma 1.11. Let f : S → T be a morphism of schemes (resp. a finite type separated morphism
of schemes).
(i) The operations f∗, f∗, (resp. f!, f
!) commute with small sums.
(ii) The operations f∗ (resp. f!) preserve compact objects.
(iii) Assume T is quasi-excellent. Then the operations f∗ (resp. f
!) preserve compact objects.
(iv) If f is smooth, the operation f♯ commutes with small sums.
(v) If f is smooth, the operation f♯ preserves compact objects.
Proof. By [Ayo14a, Proposition 3.19], compact objects in DA(S) coincide with constructible ob-
jects. This immediately implies Statement (v). Statement (ii) then follows from [Ayo14a, Proposi-
tion 8.5] and Statement (iii) from [Ayo14a, Theoreme 8.10] (the result, stated for excellent schemes,
actually holds for quasi-excellent schemes since Gabber’s local uniformisation theorem holds in that
generality).
Statement (i) is immediate for f∗, f! since they are left adjoints. The same holds for (iv). For
f∗, f
!, by [Ayo07a, Lemme 2.1.28] it is enough to see that their left adjoints preserve compact
objects, which is the already established Statement (ii).
Proposition 1.12. Let f : S → T be a morphism of schemes. The following operations preserve
the subcategories DAcoh(−).
(i) f∗ for any f .
(ii) f∗ when f is separated of finite type and T admits the resolution of singularities by alterations.
(iii) f! when f is separated of finite type.
(iv) f ! when f is quasi-finite separated and T admits the resolution of singularities by alterations.
Moreover, they also preserve DAcohc , with the additional assumption that T is quasi-excellent for
points (ii) and (iv).
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Proof. By Lemma 1.8 and Lemma 1.11, we see that to prove the result for both DAcoh(−) and for
DAcohc it is enough to show that in each case (i)-(iv) the operation sends generators of DA
coh
c to
DAcoh.
We prove the results in a slightly different order than in the statement: we first establish (i),
(iii) (which contains the special case of (ii) for proper morphisms), (iv) for closed immersions, (ii)
and finally (iv) in all generality.
Proof of (i): Proper base change implies that f∗ sends generators of DAcoh(T ) to generators
of DAcoh(S).
Proof of (iii): Let g : X → S be a proper morphism. We need to show that f!g∗QX ≃ (f ◦g)!QX
is inDAcoh(T ). Since f is assumed to be separated of finite type, the same holds for f ◦g. Nagata’s
theorem [Nag63] [Con07] implies that f ◦ g admits a compactification, i.e., that there exists a
factorisation f ◦ g = f¯ ◦ j with j : X → X an open immersion and f¯ : X → T a proper morphism.
Let i : Z → X be a complementary closed immersion to j. By localisation, we have a distinguished
triangle
j!QX → QX → i!QZ
+
→
which after applying f¯∗ ≃ f¯! yields
f¯∗j!QX → f¯!QX → (f¯ i)!QZ
+
→ .
By definition, the second and third terms in this triangle are in DAcoh(T ). This implies that the
first, which is isomorphic to f!g∗QX , is as well.
Proof of (iv) for f = i a closed immersion:
The blueprint for this proof is taken from Section 2.2.2 of [Ayo07a].
Lemma 1.13 below, applied to i : S → T , shows that it is enough to prove that, for any
g : X → T with X connected regular and g−1(S) equal to either X or a normal crossing divisor,
the motive i!g∗QX is compact. Form the cartesian square
Y
g′

i′ // X
g

S
i
// T.
We have an Ex!∗ isomorphism i
!g∗QX ≃ g′∗i
′!QX . By point (iii), it is enough to show that i
′!QX
is in DAcoh(X). By assumption, Y is either equal to X or is a normal crossing divisor; only the
second case requires a proof. By [Ayo07a, Lemme 2.2.31] applied to the branches and point (iii) for
closed immersions, we reduce to the case of a regular immersion, which then follows from absolute
purity and Proposition 1.10 (i).
Proof of (ii):
Using Nagata’s theorem and the proper case of point (iii), it suffices to show that j∗QS is in
DAcoh(T ) for j : S → T an open immersion. This now follows from colocalisation and point (iv)
for the complementary closed immersion.
Proof of (iv) for f quasi-finite general:
By the same argument as above, using the Ex!∗ isomorphism, it is enough to show that f
!QT is
in DAcoh(S). Using Zariski’s main theorem [Gro66, The´ore`me 8.12.6], the fact that j! ≃ j∗ for j
open immersion and point (i), we are reduced to the case of finite morphisms.
If f is finite e´tale, then f ! ≃ f∗ again and we are done by point (i). If f is finite and purely
inseparable, then a corollary of the separation property of DA is that f ! ≃ f∗ is an equivalence of
categories [Ayo07a, Corollaire 2.1.164]. In general, we proceed by induction on the dimension of
T . The proof for the 0-dimensional case follows the same pattern as the inductive step, so we treat
both in parallel. If T is 0-dimensional, or generically on T , say above the image of a dense open
immersion j : U → T , the morphism f is the composite of a finite e´tale morphism followed by a
finite purely inseparable morphism. Let l : V → S be j ×T S and k :W → S be a complementary
closed immersion (takeW empty in the 0-dimensional case). Then l!f !QT ≃ f !UQU is in DA
coh(V )
by combining the arguments for finite e´tale and finite purely inseparable morphisms above. By
point (ii), we get that l∗l
∗f !QT is in DA
coh(S). This concludes the proof for dim(T ) = 0. In
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general, by the inductive hypothesis and point (iii), we get that k!k
!f !QT lies in DA
coh(S). The
colocalisation triangle then shows that f !QT lies in DA
coh(S). This completes the proof.
Lemma 1.13. Let S be a scheme admitting the resolution of singularities by alterations, f : X → S
a finite type morphism and T ⊂ X closed. Then DAcoh(X) is compactly generated by motives of
the form g∗QX′ with g : X
′ → X a projective morphism and X ′ connected regular and g−1(T )
equal either to X ′ or to a normal crossing divisor.
Proof. The reference [Ayo07a, Proposition 2.2.27] specialized to the Q-linear, separated, homotopi-
cal 2-functor DA(−) proves a similar statement for the category of constructible objects DAc(S)
(with added positive Tate twists of the generators, and restriction to quasi-projective morphisms).
Once one removes the Tate twists and the restriction to quasi-projective morphisms, one notices
that using Statement (iii) of Proposition above instead of Corollaire 2.2.21 in loc.cit, the proof of
loc.cit [Ayo07a, Proposition 2.2.27] then applies verbatim.
Proposition 1.14. Let f : S → T be a morphism of schemes. The following operations preserve
the subcategories DAhom(−) and DAhom,c(−).
(i) f∗ for any f .
(ii) f♯ when f is smooth.
(iii) f! for any quasi-finite separated morphism f .
Remark 1.15. In the proof of point (iii), we use results from Sections 1.3 and 1.4. The reader can
check that we do not use the reference 1.14 (iii) in between. We feel this break from logical order
is justified by the commodity of stating these properties together.
Proof. By Lemma 1.8 and Lemma 1.11, we see that to prove the result for both DAhom(−) and for
DAhom,c it is enough to show that in each case (i)-(iii) the operation sends generators of DAhom,c
to DAhom.
Proof for (i): The Ex∗♯ isomorphism implies that f
∗ sends generators ofDAhom(T ) to generators
of DAhom(S).
Proof for (ii): The fact that generators are sent to homological motives follows directly from
the definition.
Proof for (iii): Using Zariski’s Main theorem [Gro66, The´ore`me 8.12.6] and (ii), we see that it
is enough to treat the case of f finite.
We first do the case of closed immersions. The next lemma is proved using Mayer-Vietoris
distinguished triangles.
Lemma 1.16. Let T be a scheme and U = {jk : Uk →֒ T }
n
k=1 be a finite Zariski open covering of
T . Let M ∈ DA(T ) Then
M ∈ DAhom(T )⇐⇒ for all 1 ≤ k ≤ n, we have j
∗
kM ∈ DAhom(T ).
Let i : Z → X be a closed immersion and g : U → Z be a smooth morphism. We need to show
that i∗g♯QU ∈ DAhom(X). There exists a finite open affine cover {Uk = Spec(Ak)}1≤k≤n of U
and a finite open affine cover {Zk = Spec(Rk)}1≤k≤n of Z with g(Uk) ⊂ Zk and such that via
gk := g
|Zk
|Uk
, the ring Ak takes the form:
Ak = Rk[x1, . . . , xnk ]/(f
k
1 , . . . , f
k
ck
)
with
(
det(
∂fkj
∂xi
)1≤i,j≤ck
)
invertible in Ak (i.e. gk is a standard smooth map). We can choose an
open affine cover {Wk} of X such that Wk ∩Z = Zk. Applying Lemma 1.16 to the open cover Wk
and using base change for closed immersions and smooth base change, we can suppose that g itself
is a standard smooth map and that X = Spec(R) is affine.
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In this situation, we can lift the equations fj to f˜j ∈ R[x1, . . . , xn]. The open set W of X over
which the resulting map g˜ : Spec(R[x1, . . . , xn]/(f˜1, . . . , f˜n))→ X is standard smooth contains Z,
and g˜ extends g. We have a localisation triangle
(W \ Z →W )♯g˜♯Q→ g˜♯Q→ i∗g♯QU
+
→
where the first two terms are in DAhom(X). We deduce that i∗g♯QU ∈ DAhom(X) as wanted.
For a general quasi-finite f : T → S, using localisation, the case of closed immersions and an
induction on the dimension of S, we see that we can replace S by any everywhere dense open
subset. The case of closed immersions also ensures that we can assume S is reduced. By continuity
for DAhom(−) (proven in Proposition 1.23 below; the proof does not use permanence properties
of DAhom(−) besides (i)), we see that we can even replace S by any of its generic points. We are
thus reduced to the case of a finite field extension, which follows from the more precise Lemma
1.27 below.
Proposition 1.17.
(i) Let f be any morphism of schemes. Then f∗ preserves the subcategories DAn(−) and
DAnc (−).
(ii) Let f : S → T be separated of finite type and of relative dimension m. Then f! sends DA
n(S)
(resp. DAnc (S)) to DA
n+m(T ) (resp. DAn+mc (T )). In particular, if f is quasi-finite, then
f! preserves the subcategories DA
n(−) and DAnc (−).
Proof. By Lemma 1.8 and Lemma 1.11, we see that to prove the result for both DAn(−) and for
DAnc it is enough to show that in each case (i) and (ii) the operation sends generators of DA
n
c to
DAn.
The case of (i) follows proper base change and the fact that being of relative dimension ≤ n is
stable by base change.
The proof in the case of (ii) is the same as that of Proposition 1.12 (iii), keeping track of the
relative dimensions involved.
Proposition 1.18.
(i) Let f be any morphism of schemes. Then f∗ preserves the subcategories DAn(−) and
DAn,c(−).
(ii) Let f : S → T be separated and quasi-finite. Then f! preserves the subcategories DAn(−)
and DAn,c(−).
Proof. By Lemma 1.8 and Lemma 1.11, we see that to prove the result for both DAn(−) and for
DAn,c it is enough to show that in each case (i) and (ii) the operation sends generators of DAn,c
to DAn.
The case of (i) follows from the Ex∗♯ isomorphism and the fact that being of relative dimension
≤ n is stable by base change.
The proof in the case of (ii) is the same as that of Proposition 1.14 (iii), keeping track of the
relative dimensions involved.
We list some useful corollaries of the results above.
Corollary 1.19. Let T (−) be one of DAcoh(−), DAhom(−), DA
n(−), DAn(−) or one of their
subcategories of compact objects.
(i) The system T (−) localises in the following sense: for M ∈ DA(S) and i : Z → S and
j : U → S complementary closed and open immersions, we have M ∈ T (S) if and only if
i∗M ∈ T (Z) and j∗M ∈ T (U).
(ii) Let f : T → S be a finite surjective purely inseparable morphism (e.g. a nil-immersion),
M ∈ DA(S), N ∈ DA(T ). Then we have M ∈ T (S) if and only if f∗M ∈ T (T ), and we
have N ∈ T (T ) if and only if f∗N ∈ T (S).
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Proof. Statement (i) follows directly from localisation and the permanence properties above. Sim-
ilarly, statement (ii) follows directly from [Ayo07a, Proposition 2.1.163] (which applies because
DA(−) is separated) and the permanence properties.
Finally, let us discuss what happens with internal Homs and duality.
Corollary 1.20. The internal Hom satisfies Hom(DAhom,c(S),DA
coh
(c) (S)) ⊂ DA
coh
(c) (S). In par-
ticular, if S is regular and we take QS as dualising object, then Verdier duality DS := Hom(−,QS)
sends compact homological motives to compact cohomological motives.
Proof. If M ∈ DA(S) is compact, then Hom(M,−) commutes with small sums. This shows that
we can restrict to generators of DAcoh(S) in the second variable. Using [Nee01, Lemma 4.4.5], we
see that we can restrict to generators of DAhom,c(S) in the first variable. The result then follows
from [Ayo07a, Proposition 2.3.51-52], the Ex∗♯ isomorphism and Proposition 1.12 (ii).
Lemma 1.21. Let S be a regular scheme. Write DS := Hom(−,QS) : DA(S)op → DA(S) for the
Verdier duality functor. We have
DS(DAhom,c(S)) ⊂ DA
coh
c (S)
and DS restricts to anti-equivalences of categories
DS : DA
gsm
hom,c(S)
∼
−→ DAcohgsm,c(S) and
DS : DA
sgsm
n,c (S)
∼
−→ DAnsgsm,c(S).
Proof. For a separated scheme X of finite type over S, consider the more general Verdier duality
functor DX/S := Hom(−, π
!
XQS) : DA(X)
op → DA(X). By [Ayo14a, The´ore`mes 8.12-8.14],
this functor preserves compact objects and its restriction to DAc(X) is involutive, i.e. an anti-
autoequivalence which is its own quasi-inverse.
The first inclusion is a special case of Corollary 1.20 but we provide an argument since the
same computation is used in the rest of the proof. The behaviour of DX/S with respect to the four
operations is explained in [Ayo07a, The´ore`me 2.3.75]: informally, Verdier duality exchanges f∗ and
f!, and f
∗ and f !. Moreover, recall that, for f smooth, relative purity provides an isomorphism
f♯f
∗ ≃ f!f !. This allows to compute the action of DX/S on generating families. For instance,
we have, for any f smooth, DS(f♯f
∗QX) ≃ DS(f!f !QS) ≃ f∗f∗DS(QS) ≃ f∗f∗QS which is in
DAcoh(S) by Proposition 1.12 (ii). This proves the first inclusion.
For the equalities for (strongly) geometrically smooth subcategories, note that if f is smooth
projective (resp. smooth projective of relative dimension ≤ n), the same computation shows that
DS(f♯f
∗QX) is in DA
coh
gsm(S) (resp. DA
n
sgsm(S)). This proves one inclusion of the equalities, and
the other follows by the involutivity of D.
Remark 1.22. Even on a regular scheme, the categories of constructible homological and coho-
mological motives are not anti-equivalent through Verdier duality with dualising object QS (see,
however, Proposition 1.26 below for the field case). Indeed, assume S regular of dimension d > 0,
let i : x → S be the inclusion of a closed point x and j : U → S be the complementary open
immersion. Then by colocalisation and absolute purity, j∗QU ∈ DA
coh(S) sits in a triangle
i∗Q(−d)[−2d]→ QS → j∗QU
+
→ .
On the other hand, we have DS(QS) ≃ QS ∈ DA
coh(S) and DS(i!i
!QS) ≃ i∗QS ∈ DA
coh(S), so
that by taking the Verdier dual of the triangle above, we have DS(j∗QU ) ∈ DA
coh(S).
If Verdier duality did exchange homological and cohomological motives, we would have j∗QU ∈
DAhom(S)∩DA
coh(S) which is equal to DA0(S) by Corollary 3.9 (ii) below. We would then also
have i∗Q(−d)[−2d] ∈ DA0(S); hence, i∗i∗Q(−d) ≃ Q(−d) ∈ DA0(x). This is not the case, as can
be seen in a number of ways; for instance, in the proof of Corollary 3.9 (iv) we will show that for
all M ∈ DA0(x) and d > 0, we have Hom(M,Q(−d)) = 0.
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1.3 Continuity
We have a continuity result for subcategories of compact objects.
Proposition 1.23. Let I be a cofiltering small category and (Xi)i∈I ∈ Sch
I with affine transition
morphisms. Let X = lim
←−i∈I
Xi, which we assume to be noetherian and finite-dimensional. Then
DAcohc (X) (resp. DAhom,c(X), DA
n
c (X), DAn,c(X)) is equal to the 2-colimit of the DA
coh
c (Xi)
(resp. DAhom,c(Xi), DA
n
c (Xi), DAn,c(Xi)) via the pullback functors (X → Xi)
∗.
Proof. Using the continuity result for morphisms in DA from [Ayo14a, Proposition 3.19] and
the arguments from [Ayo15, Corollaire 1.A.3], it is enough to prove the following lemma (which
extends [Ayo15, Lemme 1.A.2]).
Lemma 1.24. With the notation of the proposition, let Y be an X-scheme of finite presentation.
Then there exists an i ∈ I and an Xi-scheme Yi of finite presentation such that Y ≃ Yi ×Xi X.
Moreover, if Y/X is smooth (resp. proper, of relative dimension ≤ n, smooth of relative dimension
≤ n), then Yi can be chosen smooth (resp. proper, of relative dimension ≤ n, smooth of relative
dimension ≤ n).
Proof. The first part is [Gro66, The´ore`me 8.8.2.(ii)]. For the second part, the case of Y/X proper
is [Gro66, The´ore`me 8.10.5.(xii)] and [Ayo15, Lemme 1.A.2] and its proof cover the case of smooth
and smooth of relative dimension ≤ n. The case of morphisms of relative dimension ≤ n (without
smoothness assumption) is [Sta, Tag 05M5].
We deduce a useful punctual characterisation of compact n-motives:
Proposition 1.25. Let S be a scheme and M ∈ DAc(S). Then the following are equivalent.
(i) M ∈ DAcohc (S) (resp. DAhom,c(S), DA
n
c (S), DAn,c(S)).
(ii) For all s ∈ S, we have s∗M ∈ DAcohc (s) (resp. DAhom,c(s), DA
n
c (s), DAn,c(s)).
Proof. The direction (i)⇒(ii) follows from the stability by pullbacks for all these subcategories
established above. In the other direction, we can assume S is reduced by Corollary 1.19 (ii). We
then proceed by noetherian induction. The case of generic points is settled by the hypothesis,
we then use Proposition 1.23 to spread-out the property to an open set. We conclude by using
Corollary 1.19 (i) and the induction hypothesis.
1.4 Over a field
When the base is the spectrum of a field, several of the notions we have introduced coincide.
Proposition 1.26. Let k be any field; then we have the following equalities.
DAhom(k) = DA
sm
hom(k) = DA
gsm
hom(k).
DAcoh(k) = DAcohsm (k) = DA
coh
gsm(k).
DAn(k) = DA
sm
n (k) = DA
gsm
n (k) = DA
sgsm
n (k).
DAn(k) = DAnsm(k) = DA
n
gsm(k) = DA
n
sgsm(k).
The same equalities hold for the subcategories of compact objects, and Dk restricts to anti-equivalences
of categories:
Dk : DAhom,c(k)
∼
−→ DAcohc (k) : Dk
Dk : DAn,c(k)
∼
−→ DAnc (k) : Dk
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Proof. In each case, we prove equality by showing that the generating family on each side lies
in the other. The generating families used in the definitions of these categories are formed of
compact objects, hence it suffices to prove the equalities for the subcategories of compact objects.
By Lemma 1.5, we need only prove the inclusions
DAhom,c(k) ⊂ DA
gsm
hom,c(k),
DAcohc (k) ⊂ DA
coh
gsm,c(k),
DAn,c(k) ⊂ DA
sgsm
n,c (k) and
DAnc (k) ⊂ DA
n
sgsm,c(k).
The key is to prove the following claim
For all n ∈ N, we have Dk(DA
n
c (k)) ⊂ DA
sgsm
n,c (k). (*)
Indeed, assume Claim (*) for the next three paragraphs. Then by looking at generators we also
get Dk(DA
coh
c (k)) ⊂ DA
gsm
hom,c(k). By applying Dk again and the equivalence of categories of
Lemma 1.21, we get inclusions DAnc (k) ⊂ DA
n
sgsm,c(k) and DA
coh
c (k) ⊂ DA
coh
gsm,c(k). By applying
Dk to the inclusion Dk(DAhom,c(k)) ⊂ DA
coh
c (k) of Lemma 1.21, we also obtain DAhom,c(k) ⊂
DA
gsm
hom,c(k). It remains to see that DA
n
c (k) ⊂ DA
n
sgsm,c(k), which is slightly less clear.
Let f : X → k smooth of relative dimension i ≤ n (we can reduce to this case by considering
connected components of X). By relative purity, we have f♯QX(−n) ≃ f!QX(i− n)[2i] which is in
DAnc (k) by Proposition 1.17 and 1.10. This shows that DAn,c(k)(−n) ⊂ DA
n
c (k) = DA
n
sgsm,c(k)
(the last equality having just been established in the previous paragraph). Applying Verdier duality,
we get Dk(DAn,c(k))(n) ⊂ Dk(DA
n
gsm,c(k)). By Claim (*), this implies that Dk(DAn,c(k))(n) ⊂
DAsgsmn,c (k).
Another application of relative purity shows that DAsgsmn,c (k)(−n) = DA
n
sgsm,c(k). Putting
everything together, we have Dk(DAn,c(k)) ⊂ DA
n
sgsm,c(k) = Dk(DA
sgsm
n,c (k)) so by the involutivity
of D we get the missing inclusionDAnc (k) ⊂ DA
n
sgsm,c(k). This finishes the proof of the proposition
modulo the claim.
The rest of the proof is devoted to show Claim (*). To simplify notations, we write πY :
Y → k for the structural morphism of a k-scheme Y . Using the generating families, we re-
formulate the claim as follows: for πX : X → k proper of relative dimension ≤ n, we have
Dk(πX∗QX) ≃ πX!π!XQk in DA
sgsm
n,c (k). Let i : Xred → X . Then by localisation we have
πX!π
!
XQk ≃ πX!i!i
!π!XQk ≃ πXred !π
!
Xred
Qk. Consequently, we can assume that X is reduced.
We first treat the case of a perfect field k. We proceed by induction on the dimension of X .
When X is 0-dimensional, we see that πX is finite e´tale because k is perfect and X is reduced, so
that πX!π
!
X ≃ πX♯π
∗
X and we are done. For the induction step, we apply De Jong’s resolution of
singularities by alterations [dJ96, Theorem 4.1 and following remark] (more precisely, since that
reference requires X to be integral, we apply it to every connected component of the normalisation
of X , and then compose with the normalisation morphism). We obtain an alteration h : X˜ → X
with X˜/k a smooth projective variety (smoothness can be achieved because k is perfect). Recall
that h is proper surjective and generically finite. We choose a diagram of schemes with cartesian
squares
V
˜
//
hU

X˜
h

Z
ı˜
oo
hT

U
j
// X T
i
oo
with the following properties.
• T is a nowhere dense closed subset of X and U is its open complement.
• hU can be written as the composite of a purely inseparable finite morphism followed by a
finite e´tale morphism.
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Starting from the distinguished colocalisation triangle for the pair (X,U) and applying πX!, we
obtain a triangle
πX!i∗i
!π!XQk → πX!π
!
XQk → πX!j∗j
!π!XQk
+
→
that we rewrite as
πT !π
!
TQk → πX!π
!
XQk → πX!j∗π
!
UQk
+
→ .
The left-hand term of this last triangle is in DAsgsmn,c (k) by induction. To prove that the middle
term is in DAsgsmn,c (k), it remains to prove the same for the right-hand term. Since hU is finite and
the composite of a purely inseparable morphism followed by an e´tale morphism, the separation
property of DA [Ayo14a, Theorem 3.9] together with [Ayo07a, Corollaire 2.1.164] implies that
there is a natural isomorphism of functors:
hU !h
!
U ≃ hU∗h
∗
U .
Now, [Ayo07a, Lemma 2.1.165] implies that π!UQk is a direct factor of (hU )∗h
∗
Uπ
!
XQk. Applying
the isomorphism just above, we conclude that π!UQk is a direct factor of (hU )!h
!
Uπ
!
UQk. This last
motive is isomorphic to (hU )∗π
!
VQk ≃ (hU )∗ ˜
∗π!
X˜
Qk because hU is proper and ˜ is e´tale. We get
that πX!j∗π
!
UQk is a direct factor of πX!j∗hU∗˜
∗π!
X˜
Qk ≃ πX!h∗˜∗˜∗π!X˜Qk. We have πX!h∗ ≃ πX˜!
since h is proper, hence we deduce that πX!j∗π
!
UQk is a direct factor of πX˜!˜∗˜
∗π!
X˜
Qk. Applying
localisation to the pair (X˜, V ), the fact that X˜/k is smooth projective and the induction hypothesis
for Z shows that πX!j∗π
!
UQk is in DA
sgsm
n,c (k). This concludes the proof when k is perfect.
We now treat the case of a general field k. By the perfect field case and continuity forDAsgsmn,c (−)
(Proposition 1.23) applied to the spectrum of the perfect closure of k, we see that there exists a finite
purely inseparable extension l/k with (l/k)∗πX!π
!
XQk in DA
sgsm
n,c (l). By the separation property,
we have an isomorphism of functors id ≃ (l/k)∗(l/k)
∗, so that it is enough to show Lemma 1.27
below. This completes the proof of Claim (*), hence of the chains of equalities in the proposition.
Finally, the Verdier duality statement is just a restatement of Lemma 1.21 in the light of these
chains of equalities.
Lemma 1.27. For a finite field extension l/k and g : Y → Spec(l) a smooth projective morphism
of relative dimension ≤ n, there exists a smooth projective variety g′ : Y ′ → k of dimension ≤ n
such that (l/k)∗g♯QY ≃ g′♯QY ′ ∈ DA
sgsm
n,c (k).
Proof. Let k˜ be the separable closure of k in l, so that k˜/k is finite separable and l/k˜ is finite purely
inseparable. Assume the conclusion holds for l/k˜, i.e. that there exists g˜ : Y˜ → Spec(k˜) smooth
projective of dimension ≤ n such that (l/k˜)∗g♯QY ≃ g˜♯QY˜ ∈ DA
sgsm
n,c (k˜). We have (l/k)∗g♯QY ≃
(k′/k)∗g˜♯QY˜ ≃ h♯QY˜ with h : Y˜ → Spec(k) since k
′/k is finite e´tale, and Y˜ is smooth projective
over k, of dimension ≤ n. This shows that we can that assume l/k is finite purely inseparable.
By treating separately the connected components of Y , we can assume that Y is of pure
dimension n. Let F : Spec(l) → Spec(l) be a high enough power of the Frobenius of l that
factors through k. We denote by F the induced morphism Spec(k)→ Spec(l) and its natural lift
Spec(k)→ Spec(k) (the corresponding power of Frk). We have the following diagram of schemes,
where the upper square is cartesian:
Y ′
G //
πY ′

Y
πY

Spec(k)
F //
F
&&▲
▲▲
▲▲
▲▲
▲▲
▲
Spec(l)
(l/k)

Spec(k).
By base change, the k-scheme Y ′ is smooth projective and the morphism G is finite purely insep-
arable, so that Y ′ is of dimension ≤ n. By the separation property of DA, we have
(l/k)∗(πY )∗QY ≃ (l/k)∗(πY )∗G∗QY ′ ≃ (l/k)∗F ∗(πY ′)∗QY ′ ≃ F∗(πY ′)∗QY ′ .
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Let FrY ′ be the corresponding power of the absolute Frobenius on Y
′. By naturality of the absolute
Frobenius, we have πY ′ ◦ FrY ′ = F ◦ πY ′ : Y
′ → Spec(k). We deduce that
F∗(πY ′)∗QY ′ ≃ (πY ′)∗(FrY ′)∗QY ′ ≃ (πY ′)∗QY ′ ∈ DA
n
sgsm(k),
where the last isomorphism follows by separation. By relative purity and the projection formula,
we deduce that
(l/k)∗(πY )♯QY ≃ (l/k)∗((πY )∗QY ⊗Ql(n)[2n])
≃ (l/k)∗((πY )∗QY )⊗Qk(n)[2n]
≃ (πY ′)∗QY ′ ⊗Qk(n)[2n]
≃ (πY ′)♯QY ′ .
This completes the proof of the lemma.
1.5 Homological vs cohomological motives
Proposition 1.28. Let S be a scheme and n ≥ 0. We have
DAn(c)(S) = DAn,(c)(S)(−n)
In particular, we have DA0(c)(S) = DA0,(c)(S).
Proof. In both directions, it is enough to check the inclusion for a family of compact generators.
Let f : X → S be a smooth morphism of relative dimension i ≤ n (we can reduce to this case
by considering connected components of S and X). By relative purity, we have
f♯QX(−n) ≃ f!QX(i− n)[2i]
which is in DAn(S) by Propositions 1.17 and 1.10.
The other inclusion is true for smooth cohomological n-motives by the same relative purity
argument. For general compact cohomological n-motives (which include the generating family),
we argue as follows. By Corollary 1.19 (ii), we can assume S reduced. We then proceed by noethe-
rian induction. Let M ∈ DAn(S). The restriction of M to any generic point of S is smooth by
Proposition 1.26. There we can apply the smooth case and see that η∗M ∈ DAn,c(η)(−n) for
any generic point η of S. Then we apply continuity for compact homological n-motives (Proposi-
tion 1.23) to find a dense open immersion j : U → S with j∗M ∈ DAn,c(U)(−n). Applying the
induction hypothesis, localisation and the fact that i∗ preserves homological n-motives for i closed
immersion (Proposition 1.18 (ii)) completes the proof.
2 Commutative group schemes and motives
Several motives of interest for this paper are obtained from group schemes or complexes of group
schemes. The main examples we are interested in are smooth commutative group schemes (Section
2.1), Deligne 1-motives (Section 2.2), and the smooth Picard complex (Section 2.3).
2.1 Motives of commutative group schemes
In this section, we introduce the relevant definitions and reformulate and extend results from
[AHPL16] and [Org04] in this language. For the rest of the section, fix a noetherian finite-
dimensional scheme S.
In [AHPL16, Thm D.1], we constructed a functorial cofibrant resolution of the sheaf G⊗Q for
G a smooth (locally of finite type) commutative group scheme over S. Let us recall the statement,
minus the statement about functoriality which we discuss in details immediately afterwards.
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Lemma 2.1. [AHPL16, Thm D.1] Let (S, τ) be a Grothendieck site. We denote Z(−) the “free
abelian sheaf” functor (the sheafification of the sectionwise free abelian group functor).
There is a functor:
A : Shτ (S,Z)→ Cpl≥0Shτ (S,Z)
together with a natural transformation
r : A→ (−)[0]
satisfying the following properties.
1. For any G ∈ Shτ (S,Z) and i ≥ 0, the sheaf A(G)i is of the form
⊕d(i)
j=0 Z(G
a(i,j)) for some
d(i), a(i, j) ∈ N.
2. The map r ⊗Q is a quasi-isomorphism.
Theorem D.1 in [AHPL16] also contained a statement about the functoriality with respect to
morphisms of sites. As was pointed out by the reviewer, functoriality for morphisms of sites is
insufficient for the main application of this theorem to our setting (and indeed for the similar
application in [AHPL16]), which is to compute pullbacks of certain associated motives. We set out
to repair this problem.
Let us first recall a bit of notation. Given a continuous map of sites u : (S, τ) → (S ′, τ ′), we
have an adjunction
us : Shτ (S, Set)↔ Shτ ′(S
′, Set) : us
and that when u defines a morphism of sites F : (S ′, τ ′) → (S, τ) (i.e., when us commutes with
finite limits; note that the morphism of sites goes in the inverse direction), we have by definition
F−1 := us and F∗ := us.
The functoriality for sheaves of abelian groups (resp. Q-vector spaces) with respect to contin-
uous morphisms of sites requires some care. We have similarly defined adjunctions
usZ : Shτ (S,Z)↔ Shτ ′(S
′,Z) : uZs
and
usQ : Shτ (S,Q)↔ Shτ ′(S
′,Q) : uQs
for sheaves of abelian groups and Q-vector spaces [SGA72, Expose´ III Proposition 1.7].
Lemma 2.2. Let u : (S, τ) → (S ′, τ ′) be a continuous map of subcanonical sites. Let U ∈ S,
which we identify with the corresponding representable sheaf of sets on S. Then there are natural
isomorphisms
us(U) ≃ u(U) and usZ(Z(U)) ≃ Z(u(U)) and u
s
Q(Q(U)) ≃ Q(u(U))
Proof. The result for sheaves of sets is clear by adjunction and the Yoneda lemma, and the ana-
loguous result for sheaves of abelian groups and Q-vector spaces then follows from [SGA72, Expose´
III Proposition 1.7.5)].
Note that, because us does not commute with finite limits in general, usZ and u
s
Q do not always
coincide with us after forgetting the algebraic structure. The following result seems well-known
and implicit in some places in the literature but I could not find a good reference.
Proposition 2.3. Let u : (S, τ) → (S ′, τ ′) be a continuous map of sites such that us commutes
which finite products (and in particular final objects). Then the functors usZ and u
s
Q coincide with
us after forgetting the algebraic structure. Moreover, we have a natural isomorphism
usQ(− ⊗Q) ≃ u
s
Z(−)⊗Q.
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Proof. We first treat the case of usZ. The idea is to construct another left adjoint u
s′ to usZ (resp.
usQ) for which the property is clearly true, and then use the uniqueness of left adjoints up to natural
isomorphism. Let F ∈ Shτ (S,Z). The underlying sheaf of sets of u
′s(F ) is simply us(F ). The
structure of group object of u
′s(F ) is transported from the one of F by using the isomorphisms
us(F × F ) ≃ us(F )× us(F ) and us(∗) ≃ ∗
where ∗ denotes the final objects. It is clear that the corresponding structure maps satisfy the
abelian group axioms (using functoriality and associativity of direct products). Now we have, for
all F ∈ Shτ (S,Z) and G ∈ Shτ ′(S ′,Z),
HomShτ′ (S′,Z)(u
s′(F ), G) ⊂ HomShτ′ (S′,Set)(u
s(F ), G)
is the subset of homomorphisms of sheaves of sets compatible with the abelian group structures on
us(F ) and G, which by adjunction (including naturality properties of adjunctions) is naturally in
bijection with the subset
HomShτ (S,Z)(F, u
s
Z(G)) ⊂ HomShτ (S,Set)(F, us(G))
of homomorphisms of sheaves of sets compatible with the abelian group structures on F and us(G),
that is, the group of homomorphisms of sheaves of abelian groups. This proves that us
′
is a left
adjoint to uZs and completes the proof for u
s
Z. The same argument, replacing abelian groups by
Q-vector spaces, gives the result for usQ. Finally, write V
Q,Z
S : Shτ (S,Q) → Shτ (S,Z) for the
natural forgetful functor. Then we clearly have a natural isomorphism V Q,ZS u
Q
s ≃ u
Z
sV
Q,Z
S′ and the
natural isomorphism involving tensor products by Q follows by adjunction.
Proposition 2.4. Let u : (S, τ)→ (S ′, τ ′) be a continuous map of sites. Assume that the functor
us on sheaves of sets commutes with finite direct products. Let G ∈ Shτ (S, τ) be a sheaf of abelian
groups. Then there exists an isomorphism of complexes bu,G : u
s
Z(A(G)) → A(u
s
ZG) which is
termwise compatible with the isomorphisms usZ(Z(G
a(i,j))) ≃ Z(usZ(G
a(i,j))) of [SGA72, Expose´ III
Proposition 1.7.5)] and which makes the diagram
usZ(A(G))
usZ(r(G)) //
bu,G ∼

usZ(G)
A(usZ(G))
r(u(G)
66♥♥♥♥♥♥♥♥♥♥♥♥
commute.
Proof. We go back to the construction of the complex A(G) from [Bre70, Chapter I §1]. There is an
unfortunate shift by 1 between the definitions of A of [AHPL16, Appendix D] and [Bre70, Chapter
I §1], which was not pointed out explicitely in [AHPL16]; we follow the convention of [AHPL16,
Appendix D]. We do not need to present the whole construction, only the description given after
equation (1.8) in loc.cit. For every q ≥ 0, consider the finite set Iq of all tuples (k1, . . . , kr−1), with
all ki > 0 and
∑kr−1
i=1 ki = q ( [Bre70] has q − 1 here; this is where the mismatch of a shift by 1
occurs). For such a tuple I, write AI(G) = Z(G×(|I|+1)). Then
A(G)q :=
∏
I∈Iq
AI(G)
and the differentials are constructed in a complicated but purely combinatorial fashion from the
addition map of G. Since the description above leave ambiguous what happens for q = 0, let’s be
more explicit: A(G) starts with
Z(G×2)× Z(G×3)×2 × Z(G×4)→ Z(G×2)× Z(G×3)→ Z(G×2)→ Z(G)→ 0
and the first non-zero differential is Z(G×2)→ Z(G), [(g, h)] 7→ [g] + [h]− [g + h].
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Since usZ commutes with direct products, and applying the isomorphisms of [SGA72, Expose´
III Proposition 1.7.5)], the description makes it clear that we have a natural isomorphism
bu,G : u
s
Z(A(G)) ≃ A(u
s
Z(G)).
We also recall the construction of the map r : A(G) → G. By the above, we have A(G)0 = Z(G).
Moreover, the morphism A(G)1 → A(G)0 composed with the addition map aG : Z(G)→ G vanishes,
so that we get a morphism r : A(G)→ G[0]. The commutation of the last diagram of the proposition
follows easily from this definition.
We can now come to the application relevant to motives.
Lemma 2.5. Let f : T → S be a morphism of schemes. We consider Sm/S, Sm/T as equipped
with the e´tale topology. The continuous functor
f−1 : Sm/S → Sm/T, X 7→ X ×S T
and the associated functors (f−1)s, (f−1)sZ and (f
−1)sQ all commute with finite products. The
functors (f−1)sZ and (f
−1)sQ coincide with (f
−1)s after forgetting the algebraic structures.
Proof. The fact that f−1 commutes with finite products is clear. By [Ols16, Proposition 2.2.36],
we deduce that (f−1)s commutes with finite products. Since the forgetful functor from abelian
groups or Q-vector spaces to sets preserves limits, we conclude from Proposition 2.3 that (f−1)sZ
and (f−1)sQ both coincide with (f
−1)s after forgetting the algebraic structures and commute with
finite products.
Note that by [MV99, Example 3.1.19], the functor (f−1)s does not preserve finite limits in
general.
In the following, we make a slight change of notations to be compatible with our notations for
pullback functors between categories of complexes of sheaves of Q-vector spaces: given a morphism
of schemes f : T → S, we write f−1 for the functor (f−1)sQ of Lemma 2.5, and we write f
−1 for
its (left) derived functor.
Proposition 2.6. Let K∗ be a bounded complex of smooth commutative group schemes over S and
f : T → S a morphism of schemes. Write K∗×ST for the bounded complex of smooth commutative
group schemes over T obtained by base change. We have an isomorphism
Rf : f
−1(K∗ ⊗Q)
∼
−→ (K∗ ×S T )⊗Q
in D(Sm/S) which is natural in K∗. Moreover, Rf is compatible with further pullbacks: for g :
U → T , the diagram
g−1f−1(K∗ ⊗Q) ∼
//
Rf ∼

(fg)−1(K∗ ⊗Q) ∼
Rfg
// (K∗ ×S U)⊗Q
∼

g−1((K∗ ×S T )⊗Q)
Rg
∼ // (K∗ ×S T ×T U)⊗Q
commutes.
Proof. We apply Lemma 2.1 to the individual sheaves Kn, and use the functoriality of the con-
struction deduced from Proposition 2.4 and 2.5, keeping in mind the change in notation explained
before the proposition. This yields a double chain complex A•(K∗) such that An(K∗) = 0 for
all n < 0 together with a map A0(K∗)
r(K∗)
→ K∗ . For every fixed n ∈ Z, the induced morphism
A•(Kn)⊗Q
rQ(Kn)
→ Kn[0]⊗Q of chain complexes is a quasi-isomorphism. Because K∗ is bounded,
for every m ∈ Z there are finitely many pairs (p, q) ∈ Z2 with Ap(Kq) 6= 0.
Let BQ(K∗) be the ⊕-total complex of A•(K∗) and rQ(K∗) : BQ(K)∗ → K∗ be the morphism
of chain complexes induced by the map A0(K∗) → K∗. By Lemma 2.1, Proposition 2.4 and (the
dual of) Lemma [Sta, Tag 0133], we have the following properties.
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(i) The map rQ(K∗) is a quasi-isomorphism.
(ii) For all i ∈ Z, the sheaf BQ(K)i is of the form Q(Hi) for some smooth commutative group
scheme Hi over S (a fibre product of various copies of the Kn’s); therefore, BQ(K∗) is a
cofibrant object in the projective model structure on Cpl(She´t(Sm/S,Q)), and by the first
point rQ(K∗) is a cofibrant resolution of K∗.
(iii) Let f : T → S be a morphism of schemes. The formation of BQ(K∗) and rQ(K∗) is com-
patible with pullback, in the sense that there exists an isomorphism of complexes bf,K∗ :
f−1(BQ(K∗))
∼
→ BQ(K∗ ×S T ) which makes the following diagram in Cpl(She´t(Sm/T,Q))
f−1(BQ(K∗))
f−1(rQ(K∗))
//
bf,K∗ ∼

(K∗ ×S T )⊗Q
BQ(K∗ ×S T )
rQ(K∗×ST )
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
commute. Here, we use the fact that the pullback functor on sheaves of Q-vector spaces
coincides with one on sheaves of sets by Proposition 2.3, and the fact that on representable
the pullback functor on sheaves of sets is simply the extension of −×S T .
As rQ(K∗) is a cofibrant resolution in the projective model structure, we have an isomorphism in
D(Sm/S) given by
f−1(K∗ ⊗Q)
f−1(rQ(K∗))
←−−−−−
∼
f−1(BQ(K∗))
∼
← f−1(BQ(K∗)).
We define Rf as the composition
f−1(K∗ ⊗Q)
f−1(rQ(K∗))
−1
−−−−−→
∼
f−1(BQ(K∗))
bf,K∗
−−−−−→
∼
BQ(K∗ ×S T )
rQ(K∗×ST )
−−−−−→
∼
(K∗ ×S T )⊗Q
where we use the isomorphism bf,K∗ and the quasi-isomorphism rQ(K∗ ×S T ).
The proof of compatibility with further pullbacks is a long exercise in commutative diagrams.
The key point is the commutation of
g−1f−1BQ(K∗) ∼
//
bf ,K∗

fg−1BQ(K∗)
bfg,K∗
∼
// BQ(K∗ ×S U)
∼

g−1BQ(K∗ ×S T )
bg,K∗×ST // BQ((K∗ ×S T )×T U)
(**)
which after unraveling the definitions comes down to the fact that for two composable continuous
morphisms of sites u, v such that both us and vs commute with finite products, we have a natural
isomorphism usQv
s
Q ≃ (uv)
s
Q, as is clear from the fact that the same is obvious for the right adjoints
us and vs.
Besides Diagram (**), the proof of the compatibility then consists in iterated applications of
the naturality of isomorphisms of the form h−1(C)→ h−1(C) for C cofibrant and of the naturality
of natural isomorphisms f−1g−1 ≃ (gf)−1 (both derived and underived).
Corollary 2.7. Let K∗ be a bounded complex of smooth commutative group schemes over S and
f : T → S be a morphism of schemes. We have natural isomorphisms
Rf : f
∗(K∗ ⊗Q)
∼
−→ (K∗ ×S T )⊗Q
in DAeff(S) and
Rf : f
∗Σ∞(K∗ ⊗Q)
∼
−→ Σ∞(K∗ ×S T )⊗Q
in DA(S). These isomorphisms are compatible with further pullbacks in the same way as in the
previous proposition.
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Proof. The first isomorphism follows directly from Proposition 2.6. The second follows from the
first together with the commutation of f∗ and Σ∞.
For some arguments, we need to use motives with transfers of commutative group schemes.
Let S be a scheme and G a smooth (locally of finite type) commutative group scheme over S.
Recall that the e´tale sheaf G ⊗ Q on Sm/S admits a canonical structure of sheaf with transfers,
which is functorial in G. We write GtrQ for the resulting sheaf with transfers. Recall that there are
adjunctions
atr : DA
(eff)(S)⇆ DM(eff)(S) : otr
which relate motives with and without transfers. By construction, we have otrGtrQ = GQ, and o
tr
preserves A1-equivalences [Ayo14b, Lemme 2.111].
Proposition 2.8. [AHPL16, Proposition 3.10] Let S be an excellent scheme and G a smooth
commutative group scheme over S. Then the counit morphisms
atro
trGtrQ
∼
→ GtrQ
in DMeff(S) and
atro
trΣ∞trG
tr
Q
∼
→ Σ∞trG
tr
Q
in DM(S) are isomorphisms.
An important consequence for us is the following computation, which consists of translating a
classical result of Voevodsky to our context, and which we will generalize later on.
Proposition 2.9. Let k be a field and C/k be a smooth projective geometrically connected curve.
There exists a direct sum decomposition
M(C) ≃ Q⊕ Σ∞ Jac(C)Q ⊕Q(1)[2]
in DA(k).
Proof. We first assume that k is perfect. For a smooth projective connected curve C over k with
a rational point, Voevodsky has computed the motive M efftr (C) ∈ DM
eff(k) (see e.g. [BVK16,
Proposition 2.5.5]) and shown that
M efftr (C) ≃ Q⊕ (Jac(C)
tr
Q )⊕Q(1)[2].
The role of the rational point in this argument can be played by a 0-cycle of degree 1 as long as
C is geometrically connected; such a cycle exists with rational coefficients on any geometrically
connected smooth projective curve. By Proposition 2.8 and the remarks preceding it, we have
Jac(C)tr ≃ atrotr Jac(C)tr ≃ atrotr Jac(C)tr ≃ atr Jac(C).
Applying Σ∞tr and using that a
tr commutes with suspension, we get an isomorphism
Mtr(C) ≃ Q⊕ a
trΣ∞(Jac(C)Q)⊕Q(1)[2]
in DM(k). The adjunction atr : DA(k) ⇆ DM(k) : otr is an equivalence of categories by [CD,
Corollary 16.2.22]. This implies that otrMtr(C) ≃ otratrM(C) ≃ M(C) and similarly otrQ ≃ Q
and otrQ(1)[2] ≃ Q(1)[2]. Applying otr to the isomorphism above, we thus get an isomorphism
M(C) ≃ Q⊕ Σ∞(Jac(C)Q)⊕Q(1)[2]
as required.
Let k be an arbitrary field, and kperf a perfect closure of k. Write ξ : Spec(kperf)→ Spec(k).
The field extension kperf/k is a filtered union of finite purely inseparable field extensions. By the
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separation and continuity properties of DAc(−), the pullback functor ξ∗ : DAc(k)→ DAc(kperf)
is an equivalence of categories with inverse ξ∗. We thus have
M(C) ≃ ξ∗ξ
∗M(C)
≃ ξ∗M(Ckperf )
≃ ξ∗Q⊕ ξ∗Σ
∞ Jac(Ckperf )Q ⊕ ξ∗Q(1)[2]
≃ ξ∗ξ
∗Q⊕ ξ∗ξ
∗Σ∞ Jac(C)Q ⊕ ξ∗ξ
∗Q(1)[2]
≃ Q⊕ Σ∞ Jac(C)Q ⊕Q(1)[2]
where the third isomorphism follows from the perfect field case and the fourth isomorphism uses
the base change property of the Jacobian of a curve and Proposition 2.6.
We also need an alternative description of the motive Σ∞(Gm⊗Q) (a relative, rational version
of the standard description of the motivic complex Z(1)).
Proposition 2.10. There is a canonical isomorphism
uS : Σ
∞(Gm ⊗Q)
∼
→ QS(1)[1]
in DA(S). The isomorphism uS is compatible with pullbacks and the isomorphisms Rf of Corol-
lary 2.7: for f : T → S, the diagram
f∗Σ∞(Gm,S ⊗Q)
Rf
∼
//
uS ∼

Σ∞(Gm,T ⊗Q)
uT

f∗(QS(1)[1])
∼ // QT (1)[1]
commutes.
Proof. By Theorem [AHPL16, Theorem 3.3] in the special case G = Gm (with the “Kimura di-
mension” kd(Gm/S) of the statement equal to 1), there is an isomorphism
Ψ := ΨGm/S :MS(Gm) ≃ Q⊕ Σ
∞(Gm ⊗Q).
It is compatible with pullbacks and the isomorphisms Rf of Corollary 2.7 (This is the precise
meaning of “compatible with pullbacks” in loc.cit.). By definition, QS(1)[1] is the reduced motive
ofMS(Gm) pointed at the unit section of Gm, and it follows from the naturality of ΨG/S applied to
the neutral section in G that the direct factorQS(1)[1] corresponds to the direct factor Σ
∞(Gm⊗Q).
This yields an isomorphism Ψ˜ : QS(1)[1] ≃ Σ∞(Gm ⊗Q), and we put uS := Ψ˜−1.
Remark 2.11. Various results and constructions in this paper could be simplified if we knew the
effective analogue of Proposition 2.5, i.e., that the natural map Q(1)→ Gm[−1]⊗Q in DA
eff(S) is
an isomorphism. The corresponding statement in DMeff(S) is known if S is normal [CD, Propo-
sition 11.2.11.], hence in DAeff(S) for S normal scheme of finite type over a field of characteristic
0 by [Ayo14b, The´ore`me B.1].
We also need a version with transfers of this statement.
Corollary 2.12. Let S be an excellent scheme. There is a canonical isomorphism
utrS : Σ
∞
trG
tr
m ⊗Q
∼
→ QS(1)[1].
It is compatible with pullbacks in the same way as in Proposition 2.5. Modulo the isomorphism of
Proposition 2.8, we have in fact
atruS = u
tr
S .
Proof. For our purposes, it is enough to define utrS as atruS modulo the isomorphism of Proposi-
tion 2.8. The claim then follow from Proposition 2.5.
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Corollary 2.13. Let T/S be a torus, and X∗(T ) its cocharacter lattice. There is an isomorphism
Σ∞TQ ≃ Σ
∞X∗(T )Q(1)[1].
In particular, if S is geometrically unibranch, the motive Σ∞TQ is in DA
sgsm
1,c (S).
Proof. In this proof, we distinguish between derived and underived tensor products for clarity.
There is a natural morphism X∗(T )⊗Gm → T of e´tale sheaves on Sm/S, which is an isomorphism
(this can be checked e´tale locally, hence for a split torus, where it is obvious). Since the functor Σ∞
is monoidal, we have Σ∞(X∗(T )Q⊗ (Gm⊗Q)) ≃ Σ∞(X∗(T )Q)⊗Σ∞(Gm⊗Q) ≃ Σ∞X∗(T )Q(1)[1]
(by Proposition 2.5). It remains to check that the tensor product X∗(T )⊗Gm coincides with the
derived tensor product; this follows from the fact that the lattice X∗(T ) is e´tale locally free, thus
flat.
If S is geometrically unibranch, X∗(T )Q is a direct factor of the sheaf Q(V ) for V/S finite e´tale
by Lemma A.2, so it is (strongly) geometrically smooth.
Remark 2.14. For more precise (integral) results on motives attached to tori over a field, see [HK06,
§7].
We can now give a result which is our main source of compact homological 1-motives.
Proposition 2.15. Let G be a smooth (not necessarily of finite type) commutative group scheme
over S. Then Σ∞GQ lies in DA1,c(S).
Proof. Write M = Σ∞GQ. By [AHPL16, Theorem 3.3.(3)], M is a compact motive. It remains
to show that M is an homological 1-motive. The proof of [AHPL16, Theorem 3.3.(3)] essentially
establishes this as well, but we provide an argument for convenience. By compactness and Propo-
sition 1.25, it is enough to show that for all s ∈ S, the motive s∗M is in DA1(s).
Let κ(s)perf a perfect closure of κ(s), and write ξ : Spec(κ(s)perf) → Spec(κ(s)). The field
extension κ(s)perf/κ(s) is a filtered union of finite purely inseparable field extensions. By continuity
for DA1,c(−) and Corollary 1.19 (ii), it is enough to show that ξ∗s∗M ∈ DA1(κ(s)perf). By
Proposition 2.6, we have ξ∗s∗M ≃ Σ∞(Gκ(s)perf )Q. We are thus reduced to the case where S is the
spectrum of a perfect field k.
The group scheme G over the field k has a neutral component G◦ which is smooth and of finite
type. The e´tale quotient sheaf π0(G) = G/G
◦ is representable by an e´tale group scheme (see Lemma
2.46 below and the remark following it), hence can be written as a filtered colimit of e´tale locally
constant finite type sheaves of abelian groups. Since we are working with rational coefficients, we
can assume that those group schemes are in fact lattices. Using Lemma A.2, we then conclude
that the motive Σ∞(G/G◦)Q lies in DA0(k) ⊂ DA1(k). In the case of a smooth commutative
connected algebraic group, we reduce by a standard de´vissage to the cases of unipotent algebraic
groups, tori and abelian varieties.
A unipotent algebraic group over a perfect field has a composition series with Ga factors, and
the motive Σ∞Ga ⊗ Q is trivial by [AEWH15, Lemma 7.4.5] (proved in DM
eff(k), which yields
the result in DA(k) by applying Σ∞otr). The case of tori follows from the case of lattices above
together with Corollary 2.13. In the case of abelian varieties, using [Kat99, Theorem 11] reduces
us to to the case of a Jacobian Jac(C) of a smooth projective curve C/k with a rational point. The
fact that Σ∞(Jac(C)⊗Q) is in DA1(k) then follows from Proposition 2.9.
We now lay the groundwork for the study of the motivic Picard functor in Section 3.3. Let
n ∈ N. Recall that the adjunction “suspension-evaluation” at the level of spectra induces derived
adjunctions
Susn : DAeff(S)⇆ DA(S) : Evn
with Sus0 = Σ∞ and, for M ∈ DAeff(S) and N ∈ DA(S), canonical isomorphisms
Susn(M) ≃ Σ∞M(−n)[−2n] ∈ DA(S),
Evn(N) ≃ Ev0(M(n)[2n]).
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Using the map uS : Σ
∞(Gm ⊗Q)→ QS(1)[1], we get a map
Sus1(Gm ⊗Q[1])→ QS
which by adjunction corresponds to a map
wS : Gm ⊗Q[1]→ Ev1(QS).
Over an excellent scheme S, there is an analoguous construction for motives with transfers (using
the map utrS instead of uS), resulting in a map
wtrS : G
tr
m ⊗Q[1]→ Ev
tr
1 (Q
tr
S )
in DMeff(S).
Let f : X → S be a morphism of schemes. To state the compatibility of wS with base change,
we introduce the composition
df : f
∗ Ev1QS
ǫ
−→ Ev1 Sus
1 f∗ Ev1QS ≃ Ev1 f
∗ Sus1 Ev1QS
η
−→ Ev1 f
∗QS ≃ Ev1 f
∗QX
where the isomorphism in the middle is the canonical isomorphism Sus1 f∗ ≃ f∗ Sus1.
Lemma 2.16. Let S be a noetherian finite-dimensional scheme. If f : X → S is any morphism
of finite type, the following diagram
f∗(Gm ⊗Q[1]) ∼
Rf
//
f∗wS ∼

Gm ⊗ Q[1]
wX

f∗ Ev1QS
df
// Ev1QX
commutes.
Proof. Going through the definitions of wS and df , we see that the diagram in (i) is obtained from
the commutative diagram of Proposition 2.5 via the adjunction Sus1 ⊣ Ev1 and the commutation
of Sus1 and f∗.
The following result is not used in the rest of the paper, but seems of independent interest.
Proposition 2.17. (i) Assume S is regular. Then the morphism wS is an isomorphism.
(ii) If f : X → S is a morphism of finite type with X and S regular, then df is an isomorphism.
Proof. Statement (ii) follows from the combination of (i) and Lemma 2.16, so we are left with
proving (i).
Since DAeff(S) is generated as a triangulated category by objects of the form M effS (X)[n] for
f : X → S smooth morphism and n ∈ Z, it is enough to show that for such an object, the induced
map
DAeff(S)(M effS (X)[n],Gm ⊗Q[1])
wS∗−→ DAeff(S)(M effS (X)[n],Ev1(QS))
is an isomorphism. The idea is to compare both sides to similar morphism groups in the derived
category D(Sm/S). Consider the following diagram.
D(Sm/S)(QS(X)[n],Gm[1])
(α)
//
adj∼

DAeff(S)(M effS (X)[n],Gm[1])
wS∗//
Σ∞

(B)
DAeff(S)(M effS (X)[n],Ev1(QS))
∼adj

(A)
DA(S)(MS(X)[n],Σ
∞(Gm)[1]) ∼
uS∗ //
∼ adj

(C)
DA(S)(MS(X)[n],QS(1)[2])
∼adj

D(Sm/X)(QX [n], f
∗Gm[1])
∼ Rf∗

DA(X)(QX [n], f
∗Σ∞Gm[1])
(f∗(uS))∗
//
Rf∗∼

(D)
DA(X)(QX [n],QX(1)[2])
D(Sm/X)(QX [n],Gm[1]) //
(β)
33
DA(X)(QX [n],Σ
∞Gm[1]) ∼
uX∗ // DA(X)(QX [n],QX(1)[2])
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The square (A) commutes because the isomorphisms Rf in the derived category and in DA are
compatible by construction. The square (B) commutes by construction of wS and uS . The square
(C) commutes by naturality of the adjunction. Finally, the square (D) commutes by Proposi-
tion 2.5.
To complete the proof that wS∗ is an isomorphism, it remains to see that the maps (α) and (β)
are isomorphisms as well. For (β), this is precisely the statement of Proposition B.6 (ii)-(iv). Let
us prove that (α) is an isomorphism.
Since S is regular, all smooth S-schemes are regular. They are in particular reduced, which
implies that Gm is A
1-invariant on Sm/S, and normal, which implies that Pic = H1(−,Gm) is
A1-invariant. The higher cohomology groups Hi(−,Gm) for i ≥ 2 are torsion on regular schemes
by [Gro68, Proposition 1.4]. Combined with Lemma 2.18 below, this shows that the sheaf Gm⊗Q
is A1-local in the model category underlying DAeff(S). We deduce that the morphism (α) :
D(Sm/S)(QS(X)[n],Gm ⊗ Q[1]) → DA
eff(M effS (X),Gm ⊗ Q) is an isomorphism. This completes
the proof that wS is an isomorphism.
Lemma 2.18. Let S be a scheme, and F a sheaf of abelian groups on one of the sites (Sm/S)e´t
or (Sch/S)e´t. Then the canonical morphism
Hie´t(S, F )⊗Q→ H
i
e´t(S, F ⊗Q)
is an isomorphism.
Proof. Given our running assumption that schemes are noetherian finite dimension, this follows
from [CD15, Proposition 1.11].
2.2 Motives of Deligne 1-motives
We relate the category M1(S) of Deligne 1-motives with rational coefficients (Appendix A) to
DA(S). Let M = [L→ G]⊗Q be in M1(S). Then by viewing M as a complex of e´tale sheaves of
Q-vector spaces on Sm/S, we can associate to M an object in DAeff(S), which we also denote by
M.
Corollary 2.19. Let M ∈ M1(S). Then Σ∞M lies in DA1,c(S). If S is moreover assumed
to be geometrically unibranch, then the motive Σ∞M is also geometrically smooth, thus lies in
DA
gsm
1,c (S).
Proof. Let M = [L→ G]⊗Q. We apply Proposition 2.15 to the distinguished triangle
Σ∞GQ[−1]→ Σ
∞M→ Σ∞LQ
+
→
which proves the first part. Assume now that S is geometrically unibranch. We have a further
distinguished triangle
Σ∞TQ → Σ
∞GQ → Σ
∞AQ
+
→
where T (resp. A) is the torus (resp. abelian) part of G. The motives Σ∞TQ and Σ
∞LQ are
geometrically smooth by Corollary 2.13 and its proof. The motive Σ∞AQ is a direct factor of
the motive of A by [AHPL16, Theorem 3.3], so it is geometrically smooth. This completes the
proof.
Remark 2.20. In Corollary 2.19, we do not know if “geometrically smooth 1-motive” can be replaced
by “strongly geometrically smooth 1-motive”.
From Corollary 2.7 and the definition of Σ∞, we deduce the following.
Corollary 2.21. Let f : T → S be a morphism of schemes. There is an isomorphism of functors
Rf : f
∗Σ∞
∼
−→ Σ∞f−1 :M1(S)→ DA(T ).
which is compatible with further pullbacks.
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As explained in Section A.3, we have also a covariant functoriality for finite e´tale morphisms,
coming from Weil restrictions of scalars. Here is how this relates to pushforwards of motives.
Lemma 2.22. Let f : T → S be a finite e´tale morphism of schemes. There is an isomorphism of
functors
f∗Σ
∞
S
∼
−→ Σ∞T f∗ :M1(T )→ DA(S)
Proof. Because of the definition of pushforwards inM1(−) (Definition A.17), it is enough to show
the following: for G/T smooth (not necessarily of finite type) commutative group scheme, there
is an isomorphism f∗Σ
∞GQ ≃ Σ∞(Resf G)Q, functorial in G (note that we do not claim that the
sheaf Resf G is representable in this generality). We have a sequence of functorial isomorphisms
f∗Σ
∞GQ ≃ f♯Σ
∞GQ
≃ Σ∞f♯GQ
≃ Σ∞f∗GQ
≃ Σ∞f
∗
GQ
≃ Σ∞(Resf G)Q
where the first and third isomorphisms follow from the fact that f is finite e´tale, the second comes
from the commutation between Σ∞ and f♯, the fourth follows from the fact that f∗ in DA
eff(−)
preserves (A1, e´t)-equivalences for f finite (an argument can be found in Part A of the proof
of [Ayo14b, Lemme B.7]), and the last is the definition of Weil restriction. This completes the
proof.
2.3 Picard complexes
Classically the Picard functor of a morphism of schemes f is defined as R1f∗Gm. We introduce a
variant of this construction which includes information about relative connected components.
Definition 2.23. Let f : X → S be a finite type morphism of schemes. The Picard complex
P(X/S) of X over S is the object τ≥0f∗(Gm ⊗Q[1]) ∈ D[0,1](Sm/S).
Remark 2.24. Recall from [SGA73, Expose´ XVIII §1.4] that there is an equivalence of categories
between the category of commutative group stacks over a site S (with morphisms taken up to
2-isomorphisms) and the category D[0,1](Sh(S,Z)). The Picard complex corresponds via this
equivalence to the smooth Picard stack, i.e., the version for Sm/S of the usual Picard stack (see
e.g. [Bro09]). This point of view will not be used in the rest of this paper.
We will also need a version with transfers.
Definition 2.25. Let S be a scheme, f : X → S a finite type morphism of schemes. The Picard
complex with transfers Ptr(X/S) of X over S is the object τ≥0f∗(G
tr
m ⊗Q[1]) ∈ D[0,1](Cor/S).
The adjunction adding and forgetting transfers at the level of sheaves with transfers induces an
atr : D(Cor/S)⇆ D(Sm/S) : o
tr
where the functor otr at the level of sheaves with transfers derives trivially.
TODO: clarify the amplitude restriction and relationship with the motivic result! Because atr
is left Quillen and otr derives trivially, this should be very easy for effective motives, need some
extra thought to stabilize.
Lemma 2.26. Let S be an excellent scheme and f : X → S a finite type morphism of schemes.
There is a natural isomorphism
P (X/S) ≃ otrP tr(X/S)
hence by adjunction a natural morphism
atrP (X/S)→ P tr(X/S)
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Proof. By [AHPL16, Proposition 3.10.(i)], we have an isomorphism Gm⊗Q ≃ otrGtrm⊗Q of sheaves
with transfers. By construction, f∗ commutes with o
tr at the presheaf level and otr preserves quasi-
isomorphisms and e´t-local equivalences, hence f∗o
tr ≃ otrf∗ and τ≥0otr ≃ otrτ≥0. All together, this
provides the required isomorphism
τ≥0f∗(Gm ⊗Q[1]) ≃ τ≥0f∗(o
trGtrm ⊗Q[1]) ≃ τ≥0o
trf∗(G
tr
m ⊗Q[1]) ≃ o
trτ≥0f∗(G
tr
m ⊗Q[1]).
We note the following result which shows that the truncation in the definition of the Picard
complex is sometimes unnecessary; this will not be used in the rest of the paper.
Lemma 2.27. Let f : X → S be a smooth morphism with S regular. Then for i ≥ 1, the sheaf
Rif∗(Gm ⊗Q[1]) ≃ Ri+1f∗(Gm ⊗Q) is trivial. As a consequence, we have
P(tr)(X/S)
∼
−→ f∗(G
(tr)
m ⊗Q[1]).
Proof. This follows from Lemma 2.18 together with the fact that for a regular scheme T and i ≥ 2,
the e´tale cohomology groups Hi(T,Gm) are torsion [Gro68, Proposition 1.4].
We proceed to analyse the structure of P(X/S), following closely the standard structure theory
for the Picard scheme [Kle05] and the Picard stack [Bro09]. We will see that restricting to the
smooth site leads to simpler results than in the classical case.
In the sequel, we consider e´tale sheaves of abelian groups and Q-vector spaces on the two sites
(Sch/S)e´t and (Sm/S)e´t. We have a continuous functor ζ : Sch/S → Sm/S. The restriction functor
ζ∗ : Sh(Sch/S)→ Sh(Sm/S) is exact, since an e´tale scheme over a smooth S-scheme is a smooth
S-scheme. We have ζ∗Gm ≃ Gm. The functor ζ∗ commutes with f∗ and f∗, in the sense that
there are natural isomorphisms of functors ζ∗f
Sch
∗
≃ fSm
∗
ζ∗ and ζ∗f
Sch
∗ ≃ f
Sm
∗ ζ∗. By abuse of
terminology, we say that a sheaf of sets on Sm/S is representable if it is isomorphic to the functor
ζ∗X for X a (not necessarily smooth) S-scheme; such a scheme is then not uniquely determined
up to isomorphism.
Definition 2.28. Let f : X → S be a morphism of schemes or algebraic spaces. We say that f is
cohomologically flat in degree 0 if the construction of f
∗
OX commutes with arbitrary base change.
Recall that by [Gro61b, Corollaire 4.3.3], a smooth proper morphism f has a Stein factorisation
f : X
f◦
→ π0(X/S) := SpecS(f∗OX)
π0(f)
→ S.
Moreover, f is in this case cohomologically flat in degree 0 by [Gro63, Proposition 7.8.6], so that
the construction of π0(f) commutes with arbitrary base change, and π0(f) is finite e´tale [Gro63,
Remarque 7.8.10.(i)].
Lemma 2.29. Let f : X → S be a smooth proper morphism. The sheaf f
∗
Gm is representable by
a torus, the Weil restriction Resπ0(f)Gm (see Definition A.12).
Proof. For any U → S smooth, we have
f
∗
(Gm)(U) = O
×(X ×S U) ≃ O
×(π0(X × U/U)) ≃ O
×(π0(X/S)×S U).
This implies the claim.
Next, we look at the Picard sheaf PicX/S := R
1f∗Gm ∈ Sh((Sch/S)e´t,Z) and its smooth
analogue PicsmX/S ∈ Sh((Sm/S)e´t,Z) defined by the same formula on the smooth site. By exactness
of ζ∗, we have ζ∗PicX/S ≃ ζ∗PicX/S ≃ Pic
sm
X/S .
Lemma 2.30. Let π : S′ → S be a morphism of schemes.
(i) There are natural isomorphisms
vπ : π
−1PicX/S ≃ PicX×SS′/S′ .
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(ii) There are natural morphisms
vsmπ : π
−1PicsmX/S → Pic
sm
X×SS′/S′
,
which are isomorphisms if π is smooth.
Proof. The sheaf PicX/S is the e´tale sheaf associated with the “naive” Picard functor Pic
psh
X/S :
T 7→ Pic(X ×S T ). We have, for any S′-scheme T ′:
(π−1PicpshX/S)(T
′) = Pic(X ×S T
′) = Pic((X ×S S
′)×S′ T
′) = PicpshX×SS′/S′(T
′)
This equality is functorial in T ′. After passing to associated sheaves, we get the isomorphism vπ.
This concludes the proof of (i).
We now turn to PicsmX/S. This sheaf is also the e´tale sheaf associated with the “naive” Picard
functor Picpsh,smX/S on Sm/S. We have, for any smooth S
′-scheme T ′:
(π−1Picpsh,smX/S )(T
′) = ColimT∈(T ′\(Sm/S))Pic(X ×S T )→ Pic(X ×S T
′) = Picpsh,smX×SS′/S′(T
′)
and this defines the morphism vπ. If π is smooth, then the category T
′\(Sm/S) has an initial
object T ′ → S′ → S and we get isomorphisms. This proves (ii).
Let us also define a natural base change map for P (X/S). Consider a cartesian diagram
X ′
f˜

π˜ // X
f

S′ π
// S
with π any morphism of schemes. The following composition
π−1P (X/S) = π−1τ≥0(f∗Gm ⊗Q[1])→ π
−1f∗Gm ⊗Q[1]→ f˜∗π˜
−1Gm ⊗Q[1]
Rpi
≃ f˜∗Gm ⊗Q[1]
factors through the truncation τ≥0(f˜∗Gm⊗Q[1]) = P (XS′/S′). We denote the resulting morphism
by
Vπ : π
−1P (X/S)→ P (XS′/S
′).
In general, the construction of Picsm and P (X/S) does not commute with arbitrary base change,
i.e., vsmπ and Vπ are not always isomorphisms.
Representability results for Pic are subtle in general. Let f : X → S be a smooth projective
morphism. It is in particular proper, flat and cohomologically flat in degree 0. By [BLR90, 8.3/1],
PicX/S is represented by a group algebraic space PicX/S over S. Note that if f has in addition
geometrically connected fibres, then PicX/S is in fact a group scheme, separated and locally of
finite presentation [BLR90, 8.2/1]; since we do not want to restrict to this case, we use algebraic
spaces as a technical crutch. Finally, if S is the spectrum of a field k, then PicX/k is represented
by a group scheme which is locally of finite type over k, regardless of whether f has geometricaly
connected fibres or not [BLR90, 8.2/3].
We want to discuss the identity component Pic0X/S of PicX/S . Before we introduce it, let us
recall some basic facts about connected components of locally of finite type group schemes over a
field. Let k be an arbitrary field and G be a k-group scheme which is locally of finite type. Since
G is locally noetherian, its connected components are open and closed in G, and we denote by G0
the connected component containing the identity.
Definition 2.31. Let f : X → S be a smooth projective morphism. The group algebraic space
PicX/S comes with a natural subfunctor Pic
0
X/S , its relative identity component. Let T ∈ Sm/S.
Given a point s ∈ S, through Lemma 2.30, we can restrict a section in PicX/S(T ) to a section
of PicXs/s(Ts). Since PicXs/s is represented by a group scheme PicXs/s over s, locally of finite
type, it has therefore an identity component Pic0Xs/s. By definition, a section in PicX/S(T ) lies in
Pic0X/S(T ) if for all s ∈ S, its restriction to PicXs/s(Ts) lies in Pic
0
Xs/s(Ts). We then also define
Picsm,0X/S as ζ∗Pic
0
X/S .
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Remark 2.32. Let k be a field, L be any field extension and G be a k-group scheme. Let T ∈ Sm/k
and x ∈ G(T ). Then since G0 is open and closed in G, we see that x ∈ G0(T ) if and only if
for xL ∈ G0L(TL). In particular, in Definition 2.31, it is possible to check that a section lies in
Pic0X/S(T ) by pulling back to all geometric points instead.
We have a further result on base change.
Lemma 2.33. Let π : S′ → S a morphism of schemes.
(i) There are natural isomorphisms
vπ : π
−1Pic0X/S ≃ Pic
0
X×SS′/S′
.
(ii) There are natural morphisms
vsmπ : π
−1Picsm,0X/S → Pic
sm,0
X×SS′/S′
,
which are isomorphisms if π is smooth.
Proof. The maps in the lemma are obtained by restriction from Lemma 2.30. We thus only have to
check that the subfunctor Pic0X/S is mapped into Pic
0
X×SS′/S′
. Let T ∈ Sch/S′ and α ∈ Pic0X/S(T ).
Let s′ be a point in S′, with corresponding morphism i′ : s′ → S′. Write i = πi : s′ → S. It
is easy to see from the construction of the base change map that we have vi = vi′ ◦ (i′)−1vπ :
(i′)−1π−1PicX/S ≃ i
−1PicX/S → PicXs/s. By definition, we have vi(i
−1α) ∈ Pic0Xs′/s′(Ts
′),
hence vi′ ◦ vπ(i
′
)−1(α) ∈ Pic0Xs′/s′(Ts
′). Since this holds for all s′ ∈ S′, we conclude that vπ(α)
lies in Pic0X×SS′/S′ .
Lemma 2.34. Let f : X → S be a smooth projective morphism. The functor Pic0X/S is repre-
sentable by a proper group algebraic space Pic0X/S over S.
Proof. By [BLR90, 8.3/1], it is enough to show that the functor Pic0X/S → PicX/S is relatively
representable by a closed immersion and that the resulting group algebraic space Pic0X/S is of finite
type.
By [Gro95, Corollaire 2.3], this is the case for Pic0X/S under the additional assumptions that
the geometric fibres of f are integral (or equivalently, connected); note that in this case, PicX/S is
representable by a scheme. We are going to reduce to this case by e´tale descent.
By replacing S by the image of f (which is a disjoint union of connected components of S since
f is open and closed), we can assume that f is surjective. Write f : X
f◦
→ π0(X/S)
π0(f)
→ S for
the Stein factorisation of f . The morphism π0(f) is finite e´tale surjective. Let p : Π → S be an
e´tale Galois covering which dominates every connected component of π0(X/S). We thus have that
Π′ := π0(X/S)×S Π ≃
∐
i∈I Πi for some finite set I and Πi ≃ Π. Write Y = X ×S Π
g
→ Π. The
Stein factorisation of the morphism g is Y → Π′ → Π. Since Y → Π′ is smooth with connected
geometric fibres, we have Y =
∐
Yi with g
◦(Yi) ⊂ Πi, and each morphism Yi → Π is smooth
projective with geometrically connected fibres. We have
p−1Pic0X/S ≃ Pic
0
Y/Π ≃
∏
i∈I
Pic0Yi/Π
and, by the beginning of the proof, each of the factors in this product is representable by a proper
group algebraic space. The same argument applies over Π ×S Π. Using that e´tale descent for
algebraic spaces is effective, we conclude that Pic0X/S is representable by a proper group algebraic
space.
Proposition 2.35. Let S be a Q-scheme and f : X → S a smooth projective morphism. The
algebraic group space Pic0X/S is in fact an abelian scheme over S.
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Proof. Under these hypotheses, and assuming furthermore that f has geometrically connected
fibres, Pic0X/S (which is then a group scheme) is smooth, as explained in [Kle05, Remark 5.21]. Let
us now drop the assumption on the fibres of f . By the e´tale descent argument from Lemma 2.34
and the fact that smoothness can be checked e´tale locally, we deduce that the algebraic group space
Pic0X/S is smooth and proper. Moreover, by definition of Pic
0
X/S , it has geometrically connected
fibres. But a smooth proper algebraic group space with geometrically connected fibres is an abelian
scheme [FC90, Theorem 1.9].
In general, when S is not a Q-scheme, Pic0X/S can have non-reduced fibres. We need a condition
under which we can “extract” an abelian scheme from Pic0. Here is a result in that direction.
Proposition 2.36. [Bro14, Proposition 2.15] Let S be a noetherian scheme, and G a group
S-algebraic space which is proper, flat and cohomologically flat in degree 0. Then there exists
an abelian scheme A/S and a finite flat group scheme F/S such that G fits into a unique exact
sequence
0→ A→ G→ F → 0
of S-group schemes. In particular, G is a scheme.
The uniqueness in the previous proposition is not stated in [Bro14], but follows from the proof
as F is shown to be the affinisation SpecOS((G→ S)∗OG) of G.
This motivates the following definition.
Definition 2.37. Let f be a smooth and proper morphism. We say that f is Pic-smooth if the
algebraic space Pic0X/S is flat and cohomologically flat in degree 0.
By Proposition 2.35, the condition of being Pic-smooth is automatic if S is of characteristic 0.
Lemma 2.38. Let f : X → S a smooth proper Pic-smooth morphism, and T → S be any morphism
of schemes. Then f ×S T is Pic-smooth.
Proof. This follows from Lemma 2.33 together with the facts that flatness and cohomological
flatness in degree 0 are stable by base change.
Proposition 2.39. Let f : X → S be a smooth projective morphism. Assume S is reduced. Then
there is a dense open set U ⊂ S such that f ×S U is Pic-smooth.
Proof. Recall that Pic0X/S is representable by a proper algebraic group space by Lemma 2.34. We
are going to show that, more generally, for any proper S-algebraic space g : Q→ S, there exists a
dense open set U such that g ×S U is flat and cohomologically flat in degree 0.
Since S is reduced, generic flatness for morphisms of algebraic spaces [Sta, Tag 06QS] [Gro65,
Corollaire 6.9.3] provides a dense open subset V ⊂ U of S over which g ×S V is flat.
By restricting V further, we can assume that V is affine and disjoint union of its irreducible
components, and thus reduce to the case V = Spec(A) affine and integral. Cohomological flatness
in degree 0 on a dense open set of V then follows from [Gro63, Corollaire 7.3.9], applied to the
homological functor T•(−) : Mod(A) → Mod(A), N 7→ R•g∗g−1N˜ , which takes values in finitely
generated A-modules by properness of g.
Proposition 2.40. Let f : X → S be a smooth projective Pic-smooth morphism. Then Picsm,0X/S is
representable by an abelian scheme.
Proof. By Proposition 2.36, we have a short exact sequence of group schemes
0→ Pic0,redX/S → Pic
0
X/S → F → 0
with F a finite flat group scheme with connected fibres (since the fibres of Pic0X/S are connected
by definition), and Pic0X/S represents Pic
0
X/S. Let us show, more generally, that if G is a group
scheme fitting in an exact sequence
0→ A→ G
π
→ F → 0
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with A an abelian scheme and F a finite flat group scheme with connected fibres, then the restriction
to Sm/S of the functor of points of G is representable by A.
Let T ∈ Sm/S and h : T → G an S-morphism. Let s ∈ S. Then Fs is a finite flat connected
group scheme over κ(s), hence we have (Fs)red = Spec(κ(s)). Hence the morphism Ts → Fs factors
through the identity section of Fs. Using the smoothness of S, this implies that the morphism
π ◦ h : T → F also factors through the identity section. By the exactness in the middle of
0→ A(T )→ G(T )→ F (T )
we see that h comes from A(T ). This proves the result.
Definition 2.41. Let f : X → S be a smooth projective Pic-smooth morphism. We denote by
Pic0,redX/S the abelian scheme representing Pic
sm,0
X/S .
Lemma 2.42. Let f : X → S be a smooth projective Pic-smooth morphism. For any morphism
π : S′ → S, the morphism vsmπ induces a isomorphism
vsmπ : Pic
0,red
X/S ×S S
′ ≃ Pic0,redX′/S′ .
Proof. First, the morphism X ′ → S′ is still Pic-smooth by Lemma 2.38; hence the statement makes
sense. By combining Lemma 2.33 and Proposition 2.40, we get a morphism vsmπ : Pic
0,red
X/S ×S S
′ →
Pic0,redX′/S′ . By the uniqueness of the short exact sequence in Proposition 2.36, we see that, on the
other hand, we have a base change isomorphism Pic0,redX/S ×S S
′ ≃ Pic0,redX′/S′ , and it is not difficult to
see that it coincides with vsmπ .
2.4 Ne´ron-Severi sheaves
We now turn to the study of the Ne´ron-Severi groups in families. Let us start by recording some
properties of Ne´ron-Severi groups over algebraically closed fields.
Definition 2.43. Let k be an algebraically closed field and X/k be a smooth proper variety. Let
L,L′ ∈ Pic(X). We say that L is algebraically equivalent to L′ if there exists a smooth projective
connected curve C, two points x0, x1 ∈ C(k) and a line bundle L˜ ∈ Pic(X×kC) such that x
∗
0L˜ ≃ L
and x∗1L˜ ≃ L
′. Algebraic equivalence is compatible with the tensor product of line bundles, and
the quotient group is the Ne´ron-Severi group NS(X).
Lemma 2.44. Let k be an algebraically closed field and X/k be a smooth proper k-scheme.
(i) [SGA71, Expose´ XIII The´ore`me 5.1] The group NS(X) is finitely generated.
(ii) [MP12, Proposition 3.1] Let K/k be an extension of algebraically closed fields. Then the
natural morphism NS(X)→ NS(XK) is an isomorphism.
For our purposes, the correct generalisation of Ne´ron-Severi groups in families is the following.
Definition 2.45. Let f : X → S be a smooth projective morphism. We define the Ne´ron-Severi
sheaf as the quotient e´tale sheaf
NS
(sm)
X/S := Pic
(sm)
X/S/Pic
(sm),0
X/S .
This definition works well over a general scheme S. Let us explain an equivalent, group-
theoretic perspective, when S is the spectrum of a perfect field k. The following result is [DG70, II
§5, Proposition 1.8].
Lemma 2.46. Let G be a group scheme locally of finite type over a field k. There exists an e´tale
group scheme π0(G) together with a surjective morphism G→ π0(G) which is the initial e´tale group
scheme with a surjective morphism from G. It fits into an exact sequence
0→ G0 → G→ π0(G)→ 0
where G0 is the neutral component of G0.
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Note that if G is smooth, then G0 is smooth as well, and by general results on quotients
by smooth group schemes discussed in the Conventions section, π0(G) also represents the e´tale
quotient sheaf G/G0. If G is not smooth, there is still something useful to say in our setting.
Lemma 2.47. Let G be a group scheme locally of finite type over a perfect field k. Then π0(G)
represents the e´tale quotient sheaf G/G0 when G,G0 are seen as e´tale sheaves over Sm/k.
Proof. Since k is perfect, Gred is a closed subgroup scheme of G. Then Gred, being reduced over a
perfect field, is geometrically reduced, and, begin a geometrically reduced group scheme, is smooth.
We have (Gred)
0 = (G0)red, which we denote in this situation by G
0
red. By the universal property
of π0(G) as initial e´tale quotient of G, we get an isomorphism π0(Gred) ≃ π0(G). So we get an
exact sequence
0→ G0red → Gred → π0(G)→ 0
and since G0red is smooth, this sequence gives rise to an exact sequence of e´tale sheaves (both on
Sch/k and Sm/k). But, as sheaves on Sm/k, we have G = Gred and G
0 = G0red. Hence we get
G/G0 ≃ π0(G) as e´tale sheaves on Sm/k.
In the special case of Pic, we get the following conclusion.
Lemma 2.48. Let k be a perfect field and X/k be a smooth projective variety. We have an
isomorphism
NSsmX/k ≃ π0(PicX/k)
as e´tale sheaves on Sm/k. If k is moreover algebraically closed, then we have an isomorphism
π0(PicX/k) ≃ NS(X).
Proof. The first part follows from Lemma 2.47. The second follows immediately from the fact that
PicX/k represents the Picard functor of X over k and the fact that over an algebraically closed
field, two points of a variety are in the same connected component if and only if they can be linked
through the image of a smooth projective connected curve.
In the context of a proper variety X over a non-necessarily closed field k, the e´tale group scheme
π0(PicX/k) is sometimes called the Ne´ron-Severi group scheme of X over k.
We now return to a general base scheme S. The following lemma comes out directly from the
exactness of ζ∗ and from Lemmas 2.30 and 2.33.
Lemma 2.49. Let f : X → S be a smooth projective Pic-smooth morphism. We have a canonical
isomorphism ζ∗NSX/S ≃ NS
sm
X/S, and the construction of NSX/S (resp. NS
sm
X/S) commutes with
base change by an arbitrary morphism (resp. by a smooth morphism).
We will not use the following observation, but it seems of independent interest in order to
understand Ne´ron-Severi sheaves.
Lemma 2.50. Let f : X → S be smooth projective Pic-smooth with S regular. Then for all
T ∈ Sm/S, the natural map
(PicsmX/S(T )/Pic
sm,0
X/S(T ))⊗Q −→ NS
sm
X/S ⊗Q(T ).
is an isomorphism.
Proof. It suffices to prove that in this situation, the cohomology groupH1e´t(T,Pic
sm,0
X/S⊗Q) vanishes.
By Proposition 2.36, we have a short exact sequence
0→ Pic0,redX/S → Pic
0
X/S → F → 0
where Pic0,redX/S is an abelian scheme and F is a finite flat commutative group scheme, thus Pic
0
X/S⊗
Q ≃ Pic0,redX/S ⊗Q as e´tale sheaves.
Since T is noetherian and regular, [Ray70, Proposition XIII 2.6.(ii)] and [Ray70, Proposi-
tion XIII 2.3.(ii)] imply that torsors under the abelian scheme Pic0,redX/S are torsion, which shows
that H1e´t(T,Pic
0,red
X/S )⊗Q = 0. By Lemma 2.18, we deduce that H
1
e´t(T,Pic
0,red
X/S ⊗Q) = 0.
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We have a morphism of sites α : Sm/S → Et/S where Et/S is the small e´tale site of S. Put
γ = α ◦ ζ : Sch/S → Et/S (note that γ is only a continuous functor). We say that a sheaf F
on Sm/S (resp. Sch/S) is constructible if it is in the essential image of the fully faithful functor
α−1 (resp. γ−1) (or equivalently if the counit morphism α−1α∗F → F (resp. γ−1γ∗F → F ) is
an isomorphism) and α∗F (resp. γ∗F ) is constructible (as a sheaf of Z-modules, i.e., we do not
require fibres to be finite abelian groups, but only to be finitely generated).
It is well known that the sheaf NSX/S is far from being constructible, even for f smooth
projective and S regular in characteristic 0; in particular, the rank of the geometric fibres (which
are finitely generated abelian groups by [SGA71, Exp XIII, Thm 5.1]) is not a constructible function
in general [BLR90, 8.4 Remark 8]. We are going to see that NSsmX/S is better behaved in some
cases.
Let S be a regular scheme and f : X → S a smooth projective morphism. We want to define a
locally constant e´tale sheaf over S; for this it is enough to work connected component by connected
component, so that we can assume S to be irreducible, with generic point η.
Fix a geometric point η¯ over η. Recall that by geometric point, we always mean the spectrum of
an algebraically closed extension of η. Since S is regular, the e´tale fundamental group πe´t1 (S, η¯) is
isomorphic to the maximal quotient of Gal(κ(η¯)s/κ(η)) which is unramified at every codimension
1 point (where we denote by κ(η¯)s the separable closure of κ(η) in κ(η¯)) [SGA03, Expose´ V
Proposition 8.2]. Recall also that the restriction morphism Aut(κ(η¯)/κ(η)) → Gal(κ(η¯)s/κ(η)) is
always surjective.
By transport of structure, the group NS(Xη¯) comes with a continuous action of the profinite
Galois group Gal(κ(η¯)s/κ(η)).
Lemma 2.51. The induced action of Gal(κ(η¯)s/κ(η)) on NS(Xη¯)⊗Q is unramified, i.e., it factors
through an action of the e´tale fundamental group πe´t1 (S, η¯). Moreover, this action factors through
a finite quotient of πe´t1 (S, η¯).
Proof. The ℓ-adic first Chern class yields a Galois-equivariantmorphism c1 : NS(Xη¯)→ H2(Xη¯,Ql(1)).
The kernel of this morphism consists, by definition, of those classes which are homologically trivial,
hence in particular numerically trivial. By [Mat57], numerical equivalence coincides with algebraic
equivalence up to torsion for divisors on smooth projective varieties over an algebraically closed
field, hence the map is injective after tensoring with Q. Moreover, since f is smooth and projective,
the proper and smooth base change theorems for ℓ-adic cohomology imply that, for any codimen-
sion 1 point s ∈ S, the Galois representation on H2(Xη¯,Ql(1)) is unramified at s. By [SGA71, Exp
X, 7.13.10], the construction of c1 commutes with specialisation; this implies that NS(Xη¯)⊗ Q is
also unramified at s.
By Lemma 2.44, the group NS(Xη¯) is finitely generated. This implies that the continuous action
of the e´tale fundamental group πe´t1 (S, η¯) on the finite-dimensionalQ-vector space NS(Xη¯)⊗Q factors
through a finite quotient.
Recall that, given a connected scheme S with a fixed geometric point η¯ and an abelian group
M (considered equipped with the discrete topology) together with a continuous action of the
e´tale fundamental group π1(S, η¯), there is an associated e´tale sheaf M on S whose sections on
V ∈ Et/S are given as follows. Write V =
∐n
i=0 Vi for the connected components of V . Then
M(V ) :=
∏n
i=0M(Vi), which reduces us to specify the sections on a connected e´tale S-scheme
V . Choose a geometric point v¯. Write s¯ for its image in S. Then we have an homomorphism
πe´t1 (V, v¯) → π
e´t
1 (S, s¯) ≃ π
e´t
1 (S, η¯) (with the isomorphism well-defined up to inner conjugacy), and
M(V ) := Mπ
e´t
1 (V,v¯ via this homomorphism. This does not depend on the choice of the point
v¯ or on the choice of “change of base point” isomorphism, since two choices lead to conjuguate
homomorphisms; in particular, we can and will often choose v¯ to be above η¯. Moreover, when
the action of π1(S, η¯) on M factors through a finite quotient, the corresponding e´tale sheaf M is
clearly locally constant (indeed, it becomes constant on the finite e´tale Galois cover corresponding
to the finite quotient).
Definition 2.52. Let S be a regular scheme and f : X → S a smooth projective morphism. The
locally constant finitely generated e´tale sheaf of Q-vector spaces attached to NS(Xη¯) ⊗ Q is the
Ne´ron-Severi lattice NX/S of X over S.
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Let π : S′ → S be a universally open morphism between regular schemes. Then any generic
point of an irreducible component of S′ is sent to the generic point of an irreducible component of S.
Let f : X → S be a smooth projective morphism, and write f ′ : X ′ → S′ for its base change along
π. We are going to define a base change isomorphism vNπ : π
−1NX/S → NX′/S′ . Let us assume for
simplicity that S′ and S are irreducible (the general case is easily obtained from this, given that
S, S′ are regular). Write η′, η for the generic points; we have π(η′) = η by assumption. Choose
compatible geometric points η¯′, η¯ above them. The morphism π induces compatible morphisms of
absolute Galois groups and e´tale fundamental groups:
Gal(κ(η¯′)/κ(η′))
π∗ //

Gal(κ(η¯)/κ(η))

π∗ : π
e´t
1 (S
′, η¯′)
π∗ // → πe´t1 (S, η¯).
The locally constant sheaf π−1NX/S is attached to the representation of π
e´t
1 (S
′, η¯′) obtained from
the one of πe´t1 (S, η¯) on NS(Xη¯) by restriction along π∗. We also have an induced isomorphism
NS(Xη¯) ≃ NS(X
′
η¯′)
which is equivariant for the Galois actions (via π∗); note that it is an isomorphism because the
geometric Ne´ron-Severi group is invariant under extension of algebraically closed field (Lemma 2.44
(ii)). Combined with the previous observation, this provides the desired isomorphism
vNπ : π
−1NX/S
∼
→ NX′/S′ .
With the same hypotheses, let us now define a morphism
eS : α∗NS
sm
X/S → NX/S .
We first define a morphism c˜S : α∗PicsmX/S → NX/S . Recall that α∗Pic
sm
X/S is the e´tale sheaf
associated to the presheaf Picsm,pshX/S : V ∈ Et/S 7→ Pic(X ×S V ). Since NX/S is an e´tale sheaf,
defining c˜S is equivalent to writing down a morphism Pic
sm,psh
X/S → NX/S .
Let V ∈ Et/S, which we can assume to be connected, and L be a line bundle onX×SV . Choose
a geometric point v¯ → V such that there exists a factorisation v¯ → η¯ → S. By definition of NX/S ,
we have NX/S(V ) ≃ NS(Xη¯)
πe´t1 (V,v¯)
Q . We can pullback L along v¯ → V to get [Lv¯] ∈ Pic(Xv¯). Since
NS(Xv¯) ≃ NS(Xη¯) by Lemma 2.44, we get a class in NS(Xη¯)⊗Q. By construction, since it comes
from a line bundle on X×SV , it is fixed by πe´t1 (V, v¯), and thus defines a section c˜S([L]) ∈ NX/S(V ).
Let us show that the morphism c˜S is trivial on α∗Pic
sm,0
X/S . Let V ∈ Et/S and x ∈ Pic
sm,0
X/S(V ).
Since NX/S is separated for the e´tale topology, to check that c˜S(x) = 0 we can pass to an e´tale
covering of V and assume that x is represented by a line bundle L ∈ Pic(X×S V ). By definition of
Picsm,0X/S and Remark 2.32, we have [Lv¯] ∈ Pic
0
Xv¯/v¯
(v¯), hence the class of Lv¯ in NS(Xv¯) vanishes, thus
c˜S([L]) = 0. We conclude that c˜S induces a morphism eX/S : α∗NS
sm
X/S ≃ α∗Pic
sm
X/S/α∗Pic
sm,0
X/S →
NX/S as required.
The base change morphisms of Lemma 2.30 induce a morphism
vNSπ : π
−1NSsmX/S → NS
sm
X′/S′
By going through the definitions of the various base change maps, one can show the following
compatibility.
Lemma 2.53. Let π : S′ → S be a universally open morphism between regular schemes. The
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diagram of e´tale sheaves
π−1α∗NS
sm
X/S

π−1eX/S
// π−1NX/S
vNpi

α∗π
−1NSsmX/S
α∗v
NS
pi

α∗NS
sm
X′/S′ eX′/S′
// NX′/S′
is commutative.
We now come to the main result of this section.
Proposition 2.54. Let f : X → S be a smooth projective morphism with S regular. Then
(i) eX/S : α∗NS
sm
X/S ⊗Q→ NX/S is an isomorphism, and
(ii) the counit morphism α−1α∗NS
sm
X/S ⊗Q −→ NS
sm
X/S ⊗Q is an isomorphism.
In particular, the sheaf NSsmX/S⊗Q is a locally constant finitely generated sheaf of Q-vector spaces.
Proof. The morphism in (i) (resp. (ii)) is a morphism of e´tale sheaves on Et/S (resp. Sm/S). To
show that it is an isomorphism, it suffices to check on stalks at geometric points of S (resp. at
geometric points of all smooth S-schemes).
We first compute the stalks of NSsmX/S on Et/S. Let s¯ be a geometric point of S. Write U for
the projective system of all e´tale neighbourhoods of s¯ in S, i.e. the system of all pairs (U, u¯) with
U an e´tale S-scheme and u¯ a lift of s¯ to U . Write Sshs¯ for the projective limit of U , the spectrum
of a strict henselisation of the local ring OS,s, and Xshs¯ = X ×S S
sh
s¯ . Let us write ν for the generic
point of Sshs¯ . By definition of NS
sm
X/S , we have an exact sequence of stalks
0→ (Picsm,0X/S)s¯ → (Pic
sm
X/S)s¯ → (NS
sm
X/S)s¯ → 0
The stalks of a higher direct image is easily computed; e.g., by [Sta, Tag 03Q7], we have
(PicsmX/S)s¯ ≃ (R
1f∗Gm)s¯
≃ H1(Xshs¯ ,Gm)
≃ Pic(Xshs¯ ).
Moreover, for (V, v¯) ∈ U , it is easy to see that the composition
Pic(X ×S V )→ Pic
sm
X/S(V )→ Pic(X
sh
s¯ )
coincides with the pullback map on Picard groups. Let us denote Pic0(Xshs¯ ) for the subgroup of
Pic(Xshs¯ ) consisting of isomorphism classes of line bundles L on X
sh
s¯ which are such that for all
geometric points r¯ of Sshs¯ , we have Lr¯ = 0 ∈ NS(Xr¯). Then we have
(Picsm,0X/S)s¯ ≃ Pic
0(Xshs¯ )
as subgroups of (PicsmX/S)s¯ ≃ Pic(X
sh
s¯ ). We thus have
(NSsmX/S)s¯ ≃ Pic(X
sh
s¯ )/Pic
0(Xshs¯ ).
We now compute the stalk of NX/S at s¯. Write π : S
h
s¯ → S which is a universally open
morphism between regular schemes. Using the isomorphism vNπ , we see that
(π−1NX/S)s¯ ≃ (NXshs¯ /Sshs¯ )s¯.
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The sheaf NXshs¯ /Sshs¯ is locally constant on S
sh
s¯ , which is a local stricly henselian scheme, thus has
trivial e´tale fundamental group. This implies that the stalks of NXshs¯ /Sshs¯ at all generic points
are canonically isomorphic. Hence, for any geometric generic point ν¯ of Sshs¯ , we get a canonical
isomorphism
(NX/S)s¯ ≃ NS(Xν¯)⊗Q.
Let us now prove that the map (i) is an isomorphism. It suffices to prove that the induced
morphism on e´tale stalks at s¯ geometric point of S is an isomorphism. The morphism (eX/S)s¯ is
a morphism
(Pic(Xshs¯ )/Pic
0(Xshs¯ )) ⊗Q→ NS(Xν¯)⊗Q
and by going through the definitions, it is easy to see that this map is induced by the composition
Pic(Xshs¯ )→ Pic(X
sh
s¯ ×Sshs¯ ν) = Pic(Xν)→ NS(Xν¯)
where the first map is the pullback map on Picard groups. Let us show that this map is an
isomorphism, at least after tensoring by Q.
We first show the injectivity (before tensoring by Q). Let [L] ∈ Pic(Xshs¯ ) with Lν¯ = 0 in
NS(Xν¯). We have to show that for all geometric points r¯ of S
sh
s¯ , we have Lr¯ = 0 in NS(Xr¯). This
is the content of Lemma 2.56.
We now prove the surjectivity after tensoring by Q (we thank the referee for pointing that the
original argument for this was wrong). By Lemma 2.55, the morphism Pic(Xshs¯ )→ Pic(X
sh
s¯ ×Sshs¯ ν)
is surjective, so that it is enough to show that the morphism Pic(Xν)→ NS(Xν¯) is surjective after
tensoring by Q.
Since Xshs¯ → S
sh
s¯ is a smooth projective morphism, we have seen just before Lemma 2.29 that
π0(X
sh
s¯ /S
sh
s¯ ) is a finite e´tale cover of S
sh
s¯ which is strictly henselian; this implies that π0(X
sh
s¯ /S
sh
s¯ )
is a trivial e´tale cover of Sshs¯ . In particular, every geometric connected component of Xν is defined
over ν. Since s¯ is algebraically closed, every connected component of X contains a rational point.
Since Xshs¯ → S
sh
s¯ is smooth and S
sh
s¯ is henselian, these extend to sections over the whole of S
sh
s¯ .
This implies by the above that every connected component of Xν contains a rational point. Hence
we only need to show the surjectivity of Pic(Xν) → NS(Xν¯) connected component by connected
component and we can assume that Xν is (geometrically) connected with a rational point.
Under this additional assumption, the Leray spectral sequence for the e´tale sheaf Gm yields an
exact sequence
Pic(Xν)→ Pic(Xν¯)
Gal(κ(ν¯)s/κ(ν)) → Br(ν)
and since the Brauer group of a field is torsion, the morphism Pic(Xν) → Pic(Xν¯)
Gal(κ(ν¯)s/κ(ν))
is surjective after tensoring with Q. So it remains to show that Pic(Xν¯)
Gal(κ(ν¯)s/κ(ν)) ⊗ Q →
NS(Xν¯)⊗Q is surjective.
By Lemma 2.18, we have Pic(Xν¯)
Gal(κ(ν¯)s/κ(ν)) ⊗ Q ≃ (Pic(Xν¯) ⊗ Q)Gal(κ(ν¯)
s/κ(ν)). The mor-
phism Pic(Xν¯) → NS(Xν¯) is surjective by definition and Galois-equivariant; moreover, its kernel
is the group of ν¯-points of the abelian variety Pic0,redXν/ν . The Weil-Chaˆtelet group H
1(νe´t,Pic
0,red
Xν/ν
)
is a filtered colimit of torsion abelian groups (as clearly follows with its identification with Galois
cohomology and the fact that the n−torsion of an abelian variety for any given n ∈ N is finite),
hence it is a torsion group. By Lemma 2.18, we deduce that H1(νe´t,Pic
0,red
Xν/ν
⊗Q) = 0. We conclude
that
(Pic(Xν¯)⊗Q)
Gal(κ(ν¯)s/κ(ν)) → (NS(Xν¯)⊗ Q)
Gal(κ(ν¯)s/κ(ν))
is surjective.
By Lemma 2.51, the Galois action on NS(Xν¯)⊗ Q is unramified, hence it factors through the
unramified quotient πe´t1 (S
sh
s¯ , ν¯) [SGA03, Expose´ V Proposition 8.2], which vanishes since S
sh
s¯ is
strictly henselian. Hence we have (NS(Xν¯)⊗ Q)Gal(κ(ν¯)
s/κ(ν)) ≃ NS(Xν¯)⊗ Q. This concludes the
proof of surjectivity, and of (i).
Let us finally prove that (ii) is an isomorphism. Let T ∈ Sm/S and t¯ a geometric point of T .
We must show that the morphism
(α−1α∗NS
sm
X/S)t¯ ⊗Q→ (NS
sm
X/S)t¯ ⊗Q
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is an isomorphism. By replacing T by a neighbourhood of the image of t¯, we can assume that T is
integral. By composition, t¯ determines a geometric point s¯ of S, and we have (α−1α∗NS
sm
X/S)t¯ ≃
(NSsmX/S)s¯.
Since, for any e´tale T -scheme W , we have
NSsmX/S(W ) = NS
sm
X×ST/T (W )
we conclude that
(NSsmX/S)t¯ ≃ (NS
sm
X×ST )t¯
In the proof of (i) above, we have seen that for any morphism f : X → S satisfying the hypothesis
of the proposition and with S integral, we have (NSsmX/S)t¯ ⊗ Q ≃ NS(Xη), with η¯ any geometric
point above the generic point η of S. By Lemma 2.38, the morphism X ×S T → T satisfies these
assumptions. Choose θ¯ a geometric generic point of T , compatible with η¯. We deduce that the
morphism we are interested in coincides with the natural morphism
NS(Xη¯)→ NS(Xθ¯)
which is an isomorphism by Lemma 2.44 (ii). This completes the proof of (ii), and of the proposi-
tion.
Lemma 2.55. Let S be a regular integral scheme with generic point η and f : X → S a smooth
projective morphism. Then the restriction morphism Pic(X) → Pic(Xη) is surjective. If S is
moreover the spectrum of a discrete valuation ring, then it is bijective.
Proof. This is essentially [BLR90, 9.4/Theorem 3] (it follows directly from the arguments of the
proof in loc.cit.)
Lemma 2.56. Let f : X → S be a smooth projective morphism with S integral. Let L ∈ Pic(X).
Let η¯ be a geometric generic point of S, and s¯ any geometric point of S. If Lη¯ is algebraically
equivalent to 0, then Ls¯ is algebraically equivalent to 0.
Proof. Write η for the generic point of S and s for the image of s¯. Since S is integral, s is a
specialisation of η. By Proposition [Gro61a, 7.1.9], we can find the spectrum S′ of a discrete
valuation ring R and a morphism S′ → S sending the generic point of S′ to η and the closed
point to s. Using Lemma 2.44 (ii) if necessary to change the geometric points, this implies that we
can assume that S is the spectrum of a discrete valuation ring, which we can even assume to be
excellent by pulling back further to the completion.
Let C be a smooth projective connected curve over η¯ with two points x0, x1 ∈ C(η¯) and a line
bundle L˜ ∈ Pic(Xη¯ ×η¯ C) such that x∗0L˜ ≃ Lη¯ and x
∗
1L˜ ≃ 0. The curve C, the points x0, x1 and
the line bundle L˜ are defined over a finite extension K ′ of κ(η), so that after replacing S by its
normalisation in K ′ we can assume that everything is defined over η. By Lipman’s resolution of
singularities for excellent 2-dimensional schemes [Lip78], the curve C extends to a regular proper
flat S-scheme C, and the special fiber Cs is still geometrically connected by Zariski’s connectedness
theorem. The points x0, x1 extend to sections y0, y1 of C → S by properness. By Lemma 2.55, the
line bundle L˜ extends to a line bundle L̂ on X ×S C which satisfies y∗0L̂ ≃ L and y
∗
1L̂ ≃ 0. This
implies that Ls¯ is algebraically equivalent to 0 and finishes the proof.
2.5 Motivic applications of Picard complexes
The results of the two previous sections can be applied to define and study some interesting 1-
motives.
Corollary 2.57. Assume S is regular. Let f : X → S be a smooth projective Pic-smooth morphism
of schemes. Then we have natural distinguished triangles
Σ∞(f
∗
Gm ⊗Q)[1]→ Σ
∞P (X/S)→ Σ∞(PicsmX/S ⊗Q)
+
→
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and
Σ∞(Picsm,0X/S ⊗Q)→ Σ
∞(PicsmX/S ⊗ Q)→ Σ
∞NSsmX/S ⊗Q
+
→
and the motive Σ∞P(X/S) lies in DAgsm1,c (S). Moreover, these two distinguished triangles admit
(non-canonical) splittings, so that we have
Σ∞P (X/S) ≃ Σ∞(f
∗
Gm ⊗Q)[1]⊕ Σ
∞(Picsm,0X/S ⊗Q)⊕ Σ
∞NSsmX/S ⊗Q
Proof. The first distinguished triangle is obtained from the truncation triangle for P (X/S) for the
standard t-stucture on D((Sm/S)e´t,Q). The second one follows from the short exact sequence of
sheaves
0→ Picsm,0X/S ⊗Q→ Pic
sm
X/S ⊗Q→ NS
sm
X/S ⊗Q→ 0
By Lemma 2.29, the sheaf f
∗
Gm ≃ Resπ0(f)Gm is representable by a torus. By Proposition 2.40,
the sheaf Picsm,0X/S is representable by the abelian scheme Pic
0,red
X/S . Finally, the sheaf NS
sm
X/S is
representable by a lattice by Proposition 2.54. From Corollary 2.19, we conclude that Σ∞P(X/S)
is in DAgsm1,c (S).
To show that the triangles split, it is enough to show that the connecting morphisms vanish.
Given the representability results for the various pieces, this follows from Lemma 2.58 below.
Lemma 2.58. Let S be a regular scheme. Let L be an S-lattice, T be an S-torus and A be an
S-abelian scheme.
(i) DA(S)(Σ∞LQ,Σ
∞TQ[2]) = 0
(ii) DA(S)(Σ∞AQ,Σ
∞TQ[2]) = 0
(iii) DA(S)(Σ∞LQ,Σ
∞AQ[1]) = 0
Proof. Since S is regular, and in particular geometrically unibranch, Lemma A.2 together with
Proposition implies that there exists e : T → S finite e´tale such that Σ∞LQ is a direct factor of e♯QT
and that Σ∞TQ is a direct factor of e∗QT (1)[1]. By adjunction and Proposition 2.6, we then reduce
to the case where L is constant and T splits. Point (ii) then says that DA(S)(Q,Q(1)[3]) = 0,
which is proved in Proposition B.6 (iv) (or in Proposition B.3). By [AHPL16, ], writing π : A→ S
for the structure morphism, we see that Σ∞AQ is a direct factor of π♯QA. By adjunction, we have
DA(S)(π♯QA,Q(1)[3]) ≃ DA(A)(QA,QA(1)[3])
which vanishes, again by Proposition B.6 (iv). This proves (iii). Write d for the fibre dimension of
A/S. We have π♯QA ≃ π∗QA(d)[2d], hence by adjunction
DA(S)(Q, π♯AQ[1]) ≃ DA(A)(Q,Q(d)[2d+ 1])
This last group vanishes by Proposition B.3.
We also have an application to the question of base change for P (X/S). Recall that a base
change map for P (X/S) was defined after the proof of Lemma 2.30.
Corollary 2.59. Let S, S′ be regular schemes, and f : X → S be a smooth projective Pic-smooth
morphism. Let π : S′ → S be a universally open morphism of schemes. Then the base change map
Vπ : π
−1P (X/S)→ P (X ′/S′)
is an isomorphism.
Proof. By Corollary 2.57, we know how to compute P (X/S) and P (X ′/S′). By the definition of
Vπ, the commutation of π0(X/S) with arbitrary base change and Lemma 2.42, we see that Vπ is an
isomorphism if and only if vNSπ : π
−1NSsmX/S → NS
sm
X′/S′ is. By Lemma 2.53 and Proposition 2.54,
we see that this is the case since vNπ is an isomorphism by construction.
Another important corollary is the comparison with the theory with transfers.
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Corollary 2.60. Let S be a regular excellent scheme and f : X → S a smooth projective Pic-
smooth morphism. We have distinguished natural triangles
(f
∗
Gtrm)⊗Q→ P (X/S)
tr
Q → (Pic
sm,tr
X/S ⊗Q)
+
→
and
Picsm,0,trX/S → (Pic
sm,tr
X/S ⊗Q)→ NS
sm,tr
X/S ⊗Q
+
→ .
and these triangles are (non-canonically) split. Moreover, the natural map
atrP (X/S) −→ P tr(X/S)
is an isomorphism.
Proof. The distinguished triangles follow from the same arguments as for P (X/S). For G/S a
smooth commutative group scheme, the natural map atrG ⊗ Q → Gtr ⊗ Q is an isomorphism
by [AHPL16, Proposition 3.10]. Since each term of the triangles is represented by a smooth
commutative group scheme, we deduce that the map atrP (X/S) −→ P tr(X/S) is an isomorphism.
Finally, we look more closely at the case of a relative smooth projective curve, where things are
simpler.
Proposition 2.61. Let f : C → S be a smooth projective relative curve (with S arbitrary). Then
f is Pic-smooth, and NSsmC/S is represented by a lattice canonically isomorphic to Q[π0(C/S)]. In
particular, for any g : T → S, the morphism vg : g−1P (C/S)→ P (CT /T ) is an isomorphism.
Proof. When f has connected fibres, this is contained in the computation of relative Picard schemes
for smooth projective curves in [BLR90, Theorem 9.3.1]. Since π0(C/S) is finite e´tale, the general
case follows by e´tale descent. The addendum comes from Corollary 2.59 and the fact that the
construction of π0(C/S) commutes with arbitrary base change.
We adopt a special notation in this case.
Notation 2.62. Let f : C → S be a smooth projective relative curve. We call the abelian scheme
Pic0,redC/S the (relative) Jacobian of C over S, and we denote it by Jac(C/S).
Let f : X → S be a finite type morphism of schemes. We introduce a morphism Θf :
Σ∞P(X/S)(−1)[−2] −→ f∗QX which plays a key role in the computation of the motivic Picard
functor in the next section.
We start with the adjunction morphism
Sus1 Ev1 f∗QX
η
−→ f∗QX .
The functors Ev1 and f∗ commute, because they are right derived functors of right Quillen functors
which commute at the model category level. We thus have a canonical isomorphism
f∗ Ev1 ≃ Ev1 f∗ : DA
eff(X) −→ DA(S).
By composition we obtain a map
Sus1 f∗ Ev1(QX) −→ f∗QX .
We then use the morphism wS described at the end of Section 2.1 to construct a map
Sus1 f∗(Gm ⊗Q[1]) −→ f∗QX .
Recall that Sus1 ≃ Σ∞(−)(−1)[−2] so that we get a morphism
Σ∞f∗(Gm ⊗Q[1])(−1)[−2] −→ f∗QX .
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Then by composing with the counit morphism τ≥0(−)→ id, we obtain the desired morphism
Θf : Σ
∞P(X/S)(−1)[−2] −→ f∗QX .
We can do the same construction in DM(−) using wtrS and the pushforward operations in DM(−),
resulting in a morphism
Θtrf : Σ
∞
tr P
tr(X/S)(−1)[−2] −→ f∗Q
tr
X
in DM(S). Later on, we will need an alternative description of the map Θtrf at the effective level.
Recall from the conventions section that DMeff(−) has its own functoriality, in the form of a
premotivic category as in [CD, §11.1.a].
Proposition 2.63. Let S be a regular scheme and f be a smooth projective Pic-smooth morphism.
(i) The natural morphism atrΣ∞P (X/S) ≃ Σ∞tr a
trP (X/S) → Σ∞P tr(X/S) is an isomorphism
by Corollary 2.60, and the natural morphism atrf∗QX → f∗QtrX in DM(S) is an isomorphism
because of the comparison theorem between DA and DM on geometrically unibranch schemes
[CD, 16.2.22]. Modulo these identifications, we have
atrΘf = Θ
tr
f .
(ii) The morphism Θtrf admits the following alternative description. The morphism α
eff,tr
G :
Qtr(1)[1] → Gm ⊗ Q is an isomorphism in DM
eff(X) by [CD, Proposition 11.2.1] since
X is normal, and we denote by ueff,trX its inverse, so that we have Σ
∞ueff,trX = u
tr
X (they are
inverses to the same map). Then Θtrf is the composition
Sus1 τ≥0(f∗(Gm⊗Q[1]))
Sus1tr f∗u
eff,tr
X−−−−−−−−−→ Sus1tr f∗(Q
tr(1)[2]) ≃ (Σ∞tr f∗(Q
tr(1)[2])(−1)[−2]→ f∗Q
tr
where the last morphism is induced by the natural transformation Σ∞tr f∗ → f∗Σ
∞
tr which is
constructed by adjunction from the natural isomorphism Σ∞tr f
∗ ≃ f∗Σ∞tr .
Proof. Statement (i) translates into proving the commutativity of the outer square in the following
diagram.
atr Sus1 f∗Gm ⊗Q[1]
wX //
∼

atr Sus1 f∗ Ev1Q
∼ //
∼

atr Sus1 Ev1 f∗Q
η
//
∼

atrf∗Q

Sus1tr a
trf∗Gm ⊗Q[1]
wX //

Sus1tr a
trf∗ Ev1Q ∼
//

Sus1tr a
tr Ev1 f∗Q

Sus1tr f∗a
trGm ⊗Q[1]
wX //
∼

Sus1tr f∗a
tr Ev1Q

Sus1tr Ev
tr
1 a
trf∗Q

Sus1tr f∗G
tr
m ⊗Q[1]
wX // Sus1tr f∗ Ev
tr
1 Q
tr
∼
// Sus1tr Ev
tr
1 f∗Q
tr η // f∗Q
tr
All squares in this diagram commute either by naturality of adjunctions or because of the commu-
tation Sus1tr a
tr ≃ atr Sus1.
For the end of the proof, in order to fit the definitions on a line, let’s write E1 = Ev1 and
S1 = Sus1. For Statement (ii), we observe that Θtrf is defined as the composition
S1f∗G
tr
m[1]
ǫ
→ S1f∗E1S
1Gtrm[1]
S1f∗E1(u
tr
X (−1)[−2])−−−−−−−−−−−−−→ S1f∗E1Q
tr ≃ S1E1f∗Q
tr η→ f∗Q
tr
(we have expanded the definition of wtrX), whereas the map of the statement is the composition
S1f∗G
tr
m[1]
S1f∗u
eff,tr
X−−−−−−−→ S1f∗Q
tr(1)[2]
ǫ
→ S1f∗E1S
1Qtr(1)[2] ≃ S1E1f∗S
1Qtr(1)[2]
η
→ f∗Q
tr
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(we have expanded the definition of the map Σ∞f∗ → f∗Σ∞). The equality of those two composi-
tions follows from the naturality of the (S1, E1) adjunction and the equality
S1ueff,trX = Σ
∞ueff,trx (−1)[−2] = u
tr
X(−1)[−2].
We finish with a study of the compatibility of the map Θf with base change.
Proposition 2.64. Let f : X → S be a smooth projective Pic-smooth morphism of schemes. Let
g : T → S be any morphism. Let f ′ : XT → T be the pullback (which is still smooth projective
Pic-smooth by Lemma 2.38). The diagram
g∗Σ∞P(X/S)(−1)[−2]
g∗Θf
//
Vg

g∗f∗QX
Ex∗∗

Σ∞P(XT /T )(−1)[−2]
Θf′
// f ′∗QXT
commutes in DA(S).
Proof. The first observation is that, using the natural transformation g∗τ≥0 → τ≥0g∗, we can
reduce to the same commutation for the full f∗Gm ⊗Q[1] instead of P (X/S).
In the rest of the proof, we need notations for the natural transformations
(αf ) : f
∗ Sus1
∼
−→ Sus1 f∗
(βf ) : f∗ Ev1
∼
−→ Ev1 f∗
and
(γf ) : f
∗ Ev1 −→ Ev1 f
∗.
The natural isomorphisms (α) and (β) are derived versions of isomorphisms at the level of model
categories of spectra. The natural transformation (γ) can be defined in two different ways, one
using (α) and one using (β); namely, as the two equal compositions
f∗ Ev1
ǫ
→ Ev1 Sus
1 f∗ Ev1
(α−1f )
→ Ev1 f
∗ Sus1 Ev1
η
→ Ev1 f
∗
and
f∗ Ev1
ǫ
→ f∗ Ev1 f∗f
∗
(β−1f )
→ f∗f∗ Ev1 f
∗ η→ Ev1 f
∗
Writing down the definition of the maps in the square, we see that we have to show the commutation
of the outer square in the following diagram (when an arrow is obtained from another one by a
clear functoriality, we omit the functor from the notation as well; for instance the first vertical
arrow in the top left should be named g∗ Sus1 f∗wS).
g∗ Sus1 f∗Gm[1]
wS //
∼ (αg)

g∗ Sus1 f∗ Ev1Q
(βf )
∼
//
∼ (αg)

g∗ Sus1 Ev1 f∗Q
η
//
(αg)∼

g∗f∗Q
Ex∗∗

Sus1 g∗f∗Gm[1]
wS //
∼ Ex∗∗

Sus1 g∗f∗ Ev1Q
(βf )
∼
//
Ex∗∗

(∗)
Sus1 g∗ Ev1 f∗Q
(γg)

Sus1 f ′∗g
′∗Gm[1]
wS //
Rg′∼

Sus1 f ′∗g
′∗ Ev1Q
(γg′ )

Sus1 Ev1 g
∗f∗Q
η
@@
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
Ex∗∗

Sus1 f ′∗Gm[1]
wX // Sus1 f ′∗ Ev1Q
(βf′ )
∼
// Sus1 Ev1 f
′
∗Q
η
// f ′∗Q
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The commutation of the three squares in the top left corner and of the bottom right corner follows
directly by naturality of various natural transformations. The bottom left square commutes by
Proposition 2.17. The top right square commutes by the first description of (γ).
It remains to show the commutation of (∗). By expanding the second description of (γ), we see
that we have to show the commutativity of the outer square in the following diagram.
g∗f∗ Ev1Q
(βf )
//
Ex∗∗

ǫg′
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
g∗ Ev1 f∗Q
ǫg′
vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
ǫg

f ′∗g
′∗ Ev1Q
ǫg′

g∗f∗ Ev1 g
′
∗Q
Ex∗∗
vv♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
(βf )
//
(β−1
g′
)

g∗ Ev1 f∗(g
′)∗Q
∼

g∗ Ev∗ g∗g
∗f∗Q
Ex∗∗
vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
(β−1g )

f ′∗g
′∗ Ev1 g
′
∗Q
(β−1
g′
)

g∗f∗g
′
∗ Ev1Q
∼

Ex∗∗
vv♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
g∗ Ev1 g∗f
′
∗Q
(β−1g )

g∗g∗ Ev1 g
∗f∗Q
ηg

Ex∗∗
vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
f ′∗g
′∗g′∗ Ev∗Q
ηg′

g∗g∗f
′
∗ Ev1Q
ηg
vv♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
(βf′)
// g∗g∗ Ev1 f
′
∗Q
ηg
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
Ev1 g
∗f∗Q
Ex∗∗

f ′∗ Ev1Q (βf′)
// Ev1 f
′
∗Q
The commutation of each of the subdiagrams follow from naturality properties of various natural
transformations and from the definition of the exchange maps Ex∗∗. This completes the proof.
3 Motivic Picard functor
We introduce and study the motivic Picard functor ω1, which is a (mixed motivic, relative) gener-
alisation of the Picard variety of a smooth projective variety over a field. We also study in parallel
the 0-motivic analogue ω0, which was first introduced in [AZ12].
3.1 Definition and elementary properties
Definition 3.1. Let n ≥ 0. The full embedding ιn : DAn(S) →֒ DAcoh(S) preserves small
sums, thus by Neeman’s version of Brown representability for compactly generated triangulated
categories (see e.g. [Nee01, Theorem 8.3.3]), ιn admits a right adjoint ωn : DAcoh(S)→ DAn(S).
We also write ωn for the functor DAcoh(S)→ DAcoh(S) obtained by postcomposing with ιn. We
write δn : ωn → id for the natural transformation induced by the counit.
Remark 3.2. The definition above can be extended to the whole of DA(S), but the resulting func-
tors are not well-behaved; in particular, they do not respect compactness. Here is the simplest
example of this phenomenon. Let k be an algebraically closed field. It is easy to see that the cate-
gory DA0,c(k) is equivalent to the bounded derived category of the category of finite-dimensional
Q-vector spaces. In particular homomorphisms groups in this category are finite-dimensional. On
the other hand, DA(k)(Qk,Qk(1)[1]) ≃ k× ⊗ Q (Proposition B.6) is not finite-dimensional in
general. This shows that ω0(Q(1)) is not compact.
We start by giving some general formal properties of all the ωn functors.
Proposition 3.3. Let S be a noetherian finite-dimensional scheme.
(i) Let M ∈ DAn(S). Then we have an isomorphism δn(M) : ωn(M) ≃ M and the natural
transformation δn(ωn) : ωn ◦ ωn → ωn is invertible.
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(ii) Let f : T → S be any morphism of schemes. There is a natural transformation αnf : f
∗ωn →
ωnf∗ making the triangles
f∗ωn
f∗(δn)
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
αnf
// ωnf∗
δn(f∗)

and ωnf∗ωn
(ωnf∗)(δn)
''P
PP
PP
PP
PP
PP
P
δn(f∗ωn)
// f∗ωn
αnf

f∗ ωnf∗
commutative.
(iii) Let f : T → S be any morphism of schemes. The natural transformation ωnf∗(δn) is invert-
ible. Moreover there is a natural transformation βnf : ω
nf∗ → f∗ω
n such that
a) the following triangles
ωnf∗
δn(f∗)
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
βnf
// f∗ω
n
f∗(δ
n)

and ωnf∗ω
n
δn(f∗ω
n)
''P
PP
PP
PP
PP
PP
P
ωn(f∗δ
n)
// ωnf∗
βnf

f∗ f∗ω
n
are commutative,
b) ωn(βnf ) is invertible for any f , and
c) βnf is invertible for f finite.
(iv) Let e : T → S be a quasi-finite morphism of schemes. There exists a natural transformation
ηne : e!ω
n → ωne! such that
a) the following triangles
e!ω
n
e!(δ
n)
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
ηne // ωne!
δn(e!)

and ωne!ω
n
(ωne!)(δ
n)
''P
PP
PP
PP
PP
PP
P
δn(e!ω
n)
// e!ω
n
ηne

e! ω
ne!
commute, and
b) when e is finite, ηne is invertible and coincides with β
−1
e modulo the natural isomorphism
e! ≃ e∗.
(v) Let e : T → S be a quasi-finite morphism. The natural transformation ωne!(δn) is invertible.
Moreover, there is a natural transformation γne : ω
ne! → e!ωn such that
a) the following triangles
ωne!
δn(e!)
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
γne // e!ωn
e!(δn)

and ωne!ωn
δn(e!ωn)
''P
PP
PP
PP
PP
PP
PP
ωn(e!δn)
// ωne!
γne

e! e!ωn
are commutative,
b) ωn(γne ) is invertible for any e quasi-finite, and
c) γne is invertible and coincides with (α
n
e )
−1 for e e´tale.
(vi) Let j : U → S and i : Z → S be complementary open and closed immersions. Let M ∈
DAcoh(S) with j∗M ∈ DAn(S). Then the morphism i∗ωnM → ωni∗M is invertible.
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Remark 3.4. The formulation of Proposition 3.3 follows closely the one of [AZ12, Proposition 2.16]
about ω0. More precisely, it is a direct generalisation to all ωn and to more general base schemes
of all statements of loc. cit., except the assertions that α0f is invertible for f smooth and that ω
0
preserves compact objects. Unlike the others, these properties of ω0 are not formal. We study
their generalisation to more general base schemes and higher n’s below.
Proof. We can apply verbatim the proof of [AZ12, Proposition 2.16] up to the sentence “To complete
the proof (...)” on page 319. Notice that the rest of the proof after that sentence establishes the
non-formal assertions described in the previous remark, which are exactly the points we are not
claiming.
More precisely, up to that sentence, the proof of loc. cit. uses only general properties of DA,
the definition of ω0 as right adjoint, and the following permanence properties of cohomological
0-motives under the six operations.
• For all morphisms f , the functor f∗ preserves DA0.
• For all finite morphisms f , the functor f∗ preserves DA
0.
• For all quasi-finite morphism e, the functor e! preserves DA
0.
The generalisation of these properties to DAn are established in the necessary generality in Propo-
sition 1.17.
Here are other useful common properties of the ωn’s.
Lemma 3.5. Let S be a noetherian finite-dimensional scheme and n ∈ N. The functor ωn :
DAcoh(S)→ DAn(S) commutes with small sums.
Proof. The inclusion functor DAn(S) → DAcoh(S) sends compact objects to compact objects
by Lemma 1.8; hence by [Ayo07a, Lemme 2.1.28], its right adjoint ωn commutes with infinite
sums.
Lemma 3.6. Let h : S′ → S be a finite purely inseparable morphism of schemes, and n ∈ N. The
natural transformation αh : h
∗ωn → ωnh∗ is an isomorphism.
Proof. This follows directly from the separation property of DA(−) and Corollary 1.19 (ii).
We now come to the less formal properties of ω0.
Proposition 3.7. Let S be a noetherian finite-dimensional scheme.
(i) Let f : X → S be a smooth proper morphism of schemes. Let X
f◦
−→ π0(X/S)
π0(f)
−→ S be its
Stein factorisation (so that π0(f) is finite e´tale). Then there is a natural isomorphism
π0(f)∗Qπ0(X/S)
∼
−→ ω0(f∗QX).
(ii) The functor ω0 preserves geometrically smooth objects. More precisely, it sends DAcohgsm(S)
to DA0sgsm(S) and DA
coh
gsm,c(S) to DA
0
sgsm,c(S). Moreover, for any M ∈ DA
coh
gsm(S) and any
morphism f : T → S, the natural morphism α0f (M) : f
∗ω0M → ω0f∗M is an isomorphism.
(iii) The morphism α0f is invertible for f smooth.
(iv) The functor ω0 preserves compact objects. More precisely, it sends DAcohc (S) to DA
0
c(S).
Remark 3.8. These results were proved in [AZ12, §2] under the assumption that S is quasi-
projective over a field k and f is projective; they were also generalized, in a slightly different
terminology, to the case of S separated of finite type over a field in [Vai16, §3.1-2].
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Proof. It is easy to see from the definition of geometrically smooth motives and the fact that π0
commutes with base change that point (ii) follows from (i). We now notice that the end of the
proof of [AZ12, Proposition 2.16] (starting at “To complete the proof (...)”), which deduces (iii)
and (iv) in the situation of loc. cit. from [AZ12, Proposition 2.11], applies verbatim and reduce
Statements (ii)-(iv) to the sole Statement (i).
To prove Statement (i), it is enough by the Yoneda lemma to establish that for all N ∈ DA0(S),
the natural map π0(f)∗Q→ f∗QX induces an isomorphism
DA(S)(N, π0(f)∗Q)
∼
−→ DA(S)(N, f∗QX).
By Proposition 1.28, we have DA0(S) = DA0(S). It is thus enough to show that for all e : U → S
e´tale and n ∈ Z, we have an isomorphism
DA(S)(e♯QU [−n], π0(f)∗Q)
∼
−→ DA(S)(e♯QU [−n], f∗QX).
By the (e♯, e
∗) adjunction, proper base change, and the fact that π0 commutes with smooth base
change, we see that we can assume e = id. We are thus left to prove that for all n ∈ Z, we have
DA(π0(X/S))(Q,Q[n])
∼
−→ DA(X)(Q,Q[n])
where the morphism is induced by pullback by f◦. The morphism f◦ is smooth proper with
geometrically connected fibres, so this follows from Proposition B.5 (iv).
Here are some corollaries of Proposition 3.7.
Corollary 3.9. Let S be a noetherian finite-dimensional scheme.
(i) Let M be in DAhom(S) and N be in DA
coh(S). Then the morphism δ0(N) induces an
isomorphism
DA(S)(M,ω0N)
δ0(N)∗
−→
∼
DA(S)(M,N).
(ii) We have DAhom(S) ∩DA
coh(S) = DA0(S).
(iii) For all N ∈ DAcoh(S) we have ω0(N(−1)) ≃ 0.
(iv) For all N ∈ DAcoh(S) and d ≥ 1, we have
ω1(N(−d)) ≃
{
(ω0N)(−1), d = 1
0, d ≥ 2.
.
Proof. We first prove (i). It is enough to show the isomorphism for a generator of DAhom(S),
namely M = g♯QX [n] for g : X → S a smooth morphism and n ∈ Z. By naturality of the
adjunction which underlies δ0, we have a commutative square
DA(S)(g♯QX [n], ω
0N)
δ0(N)∗
//
∼

DA(S)(g♯QX [n], N)
∼

DA(X)(QX [n], g
∗ω0N)
δ0(N)∗
// DA(X)(QX [n], g
∗N).
The first commutative triangle in Proposition 3.3 (ii) shows that we have a commutative square
DA(X)(QX [n], g
∗ω0N)
δ0(N)∗
//
αg(N)

DA(X)(QX [n], g
∗N)
DA(X)(QX [n], ω
0g∗N)
δ0(g∗N)∗
// DA(X)(QX [n], g
∗N).
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Since g is smooth, the left vertical map is an isomorphism by Proposition 3.7 (iii); the bottom
map is an isomorphism because QX [n] is a cohomological 0-motive. Putting this together with the
previous commutative square concludes the proof of (i).
Statement (ii) follows directly from (i) applied to the identity map of an object in DAcoh(S)∩
DAhom(S).
To prove Statement (iii), we must show that for allM ∈ DA0(S), we haveDA(S)(M,N(−1)) =
0. Since DA0(S) = DA0(S) by Proposition 1.28 and DAhom(S) is stable by positive twists by
Proposition 1.10 (iv), the motiveM(1) is homological. By (i), this implies thatDA(S)(M(1), N) ≃
DA(S)(M(1), ω0N). In other words, we can assume that both M and N are 0-motives. The
statement to be proven is triangulated and commutes with infinite sums in M , so that we can
assume that M is a generator of the form e♯QU [n] for e : U → S an e´tale morphism and n ∈ Z.
Since this is a compact object, we can similarly assume that N is a generator of DA0(S), of the
form f∗QV [m] for f : V → S a finite morphism. We then have
DA(S)(M,N(−1)) ≃ DA(U ×S V )(Q,Q(−1)[m− n]).
This group vanishes by Proposition B.2.
By (iii), we only need to establish (iv) in the case d = 1. The motive ω0(N)(−1) is inDA1(S) by
Proposition 1.10 (ii). Hence by the Yoneda lemma, it is enough to show that for all M ∈ DA1(S),
the map δ0(N) induces an isomorphism
DA(S)(M, (ω0N)(−1))
δ0(N)∗
−→
∼
DA(S)(M,N(−1)).
By Proposition 1.28, we have DA1(S) = DA1(S)(−1). Write M = M ′(−1) with M ′ ∈ DA1(S).
In particular, M ′ is an homological motive. We have a commutative square
DA(S)(M, (ω0N)(−1))
δ0(N)∗
//
∼

DA(S)(M,N(−1))
∼

DA(S)(M ′, ω0N)
δ0(N)∗
// DA(S)(M ′, N)
The bottom map is an isomorphism by (i), and this concludes the proof for d = 1.
We now compute ω0 for some motives attached to commutative group schemes.
Proposition 3.10. (i) Let G be an abelian scheme or a lattice over S; then ω0(Σ∞GQ(−1)) ≃ 0.
(ii) Let T be a torus over S. Let X∗(T ) be the cocharacter lattice of T . Then
Σ∞TQ(−1)[−1]) ≃ Σ∞X∗(T )Q is in DA0,c(S).
(iii) Let M ∈ M1(S) and W−2M be its toric part. Then ω
0(Σ∞M(−1)) ≃ Σ∞X∗(W−2M)Q.
Proof. First of all, we note that the objects to which we wish to apply ω0 are in DA1(S) ⊂
DAcoh(S) by Corollary 2.19 and Proposition 1.28.
We first prove (i). We first treat the case of an abelian scheme A. By the conservativity
of the family of pullbacks to points [Ayo14a, Proposition 3.23], it is enough to show that for any
s ∈ S, the restriction s∗ω0M ≃ 0. We know from [AHPL16, Theorem 3.3] that the motive Σ∞AQ is
geometrically smooth. By Proposition 3.7 (ii) and Proposition 2.6, we see that s∗ω0M ≃ ω0s∗M ≃
ω0Σ∞(As)Q(−1). We are thus reduced to the case where S is the spectrum of a field k. We have
to show that, for every 0-motive N over Spec(k), we have
DA(k)(N,Σ∞ Jac(C)Q(−1)[n]) = 0.
The category DA0(k) is generated, as a localising subcategory, by motives of the form g♯QL with
g : Spec(L) → Spec(k) with L/k finite e´tale. By adjunction, we are then reduced to the case
N = Qk[−n] for some n ∈ Z.
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We write A as direct factor of the Jacobian of a smooth projective geometrically connected
curve f : C → Spec(k) [Kat99, Theorem 11]. By Proposition 2.9 and relative purity, we have
Q(−1)[−2]⊕ Σ∞ Jac(C)Q(−1)[−2]⊕Q ≃ f∗QC .
We have DA(k)(Qk,Qk(−1)[n]) = 0 for all n (Proposition B.2). By adjunction, we have
DA(k)(Qk, f∗QC [n]) ≃ DA(C)(QC ,QC [n])
which is isomorphic to Q for n = 0 and 0 otherwise (Proposition B.5). Similarly, we have
DA(k)(Qk,Qk[n]) is isomorphic to Q for n = 0 and 0 otherwise. Putting everything together,
we deduce that DA(k)(Qk,Σ
∞ Jac(C)Q(−1)[n]) = 0 for all n as required.
We now turn to the lattice case. Again by an adjunction argument, we immediately reduce to
show that, for all n ∈ Z, we have
DA(S)(QS ,Σ
∞LQ(−1)[n]) = 0.
If S is geometrically unibranch, using Lemma A.2, write LQ as a direct factor f∗Q for f finite e´tale,
and we are done by adjunction and Proposition B.2.
Unfortunately, if the base is not geometrically unibranch, it is not clear thatM is geometrically
smooth, and we cannot directly reduce to the field case. However, iterating the construction of
the normalisation, it is easy to see that S admits a proper hypercovering π• : S• → S with normal
terms. By cohomological h-descent for DA(−) and Proposition 2.6, we get a spectral sequence
Ep,q1 = DA(Sp)(QSp ,Σ
∞(LSp,Q(−1))[q])⇒ DA(S)(QS ,Σ
∞(LQ(−1))[p+ q]).
By the geometrically unibranch case, the E1 page of the spectral sequence vanishes completely.
This ensures the convergence and finishes the proof of (i).
We prove (ii). Let T be a torus. We have Σ∞TQ(−1) ≃ Σ∞X∗(T )Q by Corollary 2.13. The
motive Σ∞X∗(T )Q lies in DA0(S): this can be tested pointwise by Proposition 1.25, and over
a field a lattice is a direct factor of the motive of a finite e´tale morphism by Lemma A.2. This
concludes the proof.
Finally, (iii) follows immediately from the two previous points by the de´vissage of a Deligne
1-motive along its weight filtration.
Corollary 3.11. Assume S regular. Let f : X → S be a smooth projective Pic-smooth morphism
of schemes. Then there is an isomorphism
ω0(Σ∞P(X/S)Q(−1)[−2]) ≃ π0(f)∗Q
Proof. First, by Corollary 2.57, Proposition 2.15 and Proposition 1.28, Σ∞P(X/S)Q(−1)[−2] is in
DA1(S), and it makes sense to apply ω0. More precisely, Corollary 2.57 together with Proposi-
tion 3.10 shows that there is an isomorphism
ω0(Σ∞P(X/S)Q(−1)[−2]) ≃ Σ
∞X∗(Resπ0(f)Gm)Q.
The cocharacter lattice of the Weil restriction Resπ0(f)Gm is the permutation lattice associated to
π0(f); hence, Σ
∞X∗(Resπ0(f)Gm)Q ≃ π0(f)∗Q as required.
3.2 The functors ωn over a perfect field
In this short section, we explain how, for S the spectrum of a perfect field k, the functors ω0 and
ω1 are related to the functors Lπ0 and LAlb studied in [BVK16] and [ABV09].
We need to connect our setup with the categories of effective motives with transferts over k.
First, we define for every n ∈ N the category DM
(eff)
n,(c)(k) in a similar way as as DAn,(c)(k),
replacing DA(k) with DM(eff)(k) and f♯QX with M
(eff),tr
k (X) for f : X → Spec(k) smooth. We
also define the category DMhom,(c)(k) (resp. DM
coh
(c) (k) in a similar way as DAhom,(c)(k) (resp.
DAcoh(c) (k)).
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By construction of DM(k), there is an adjunction
Σ∞tr : DM
eff(k)⇄ DM(k) : Ω∞tr .
Lemma 3.12. Let k be a field and n ∈ N. The adjoint pairs Σ∞tr ⊣ Ω
∞
tr and atr ⊣ o
tr restrict to
equivalences of categories
DAn,(c)(k)
atr
⇄
otr
DMn,(c)(k)
Ω∞
⇄
Σ∞
DMeffn,(c)(k),
DAhom,(c)(k)
atr
⇄
otr
DMhom,(c)(k)
Ω∞
⇄
Σ∞
DMeff(c)(k),
DAcoh(c) (k)
atr
⇄
otr
DMcoh(c) (k),
and DAn(c)(k)
atr
⇄
otr
DMn(c)(k).
Proof. The argument is essentially the same for the four series of equivalences; we only give the
details for the first one. Recall that atr : DM(S)
∼
→ DA(S) is an equivalence of categories for
all S geometrically unibranch [CD, Corollary 16.2.22], hence in particular for all Spec(k). Being
equivalences of categories, atr and o
tr both commute with small sums and preserve compact objects.
By construction of atr, we have atrf♯ ≃ f♯atr for f smooth. This implies that atr ⊣ otr restricts to
an equivalence of categories between DAn,(c) and DMn,(c).
Let φ : Spec(kperf) → Spec(k) be a perfect closure of k. The base change functors φ∗ :
DA(k) → DA(kperf), φ∗ : DM(k) → DM(kperf) and φ∗ : DMeff(k) → DMeff(kperf) are all
equivalences of categories: in the first case, this is the separation property of DA, in the second
case, this follows from the case of DA and the comparison isomorphism recalled above, and in
the third case, we apply [Sus17, Corollary 4.13]. Moreover, these equivalences commute with the
functors in the two adjunctions of the statement (because they are equivalences of categories and
commute with the left adjoints). We can thus assume that k is a perfect field.
By Voevodsky’s cancellation theorem [Voe10] which applies because k is perfect, the func-
tor Σ∞tr : DM
eff → DM(k) is fully faithful, so that it restricts to an equivalence of categories
Σ∞tr : DM
eff → DMhom(k) : Ω∞tr . We have Σ
∞
tr f♯ ≃ f♯Σ
∞
tr for f : X → Spec(k) smooth; this
shows that DMn(k) lies in the essential image of DM
eff
n (k). Again, the equivalence of categories
Σ∞tr : DM
eff → DMhom(k) : Ω∞tr preserves compact objects in both directions, hence we get an
equivalence of categories between DMn,(c)(k) and DM
eff
n,(c)(k). This completes the proof.
By [ABV09, Theorem 2.4.1] specialized to the case of Q-coefficients, we have a functor
Lπ0 : DM
eff(k)→ DMeff0 (k)
(respectively
LAlb : DMeff(k)→ DMeff1 (k))
which is a left adjoint to the inclusion DMeff0 (k)→ DM
eff(k) (resp. DMeff1 (k)→ DM
eff(k)) and
restricts by [ABV09, Proposition 2.3.3] (resp. [ABV09, Proposition 2.4.7]) to a functor
Lπ0 : DM
eff
c (k)→ DM
eff
0,c(k)
(resp.
LAlb : DMeffc (k)→ DM
eff
1,c(k)).
To be more precise, our notation differs from loc. cit. in the following way. The functor Lπ0
(resp. LAlb) in loc. cit. has as target category D(HI≤0(k)) (resp. D(HI≤1(k))), the derived
category of the abelian category Sh(Spec(k)e´t,Q) (resp. HI≤1(k) of 1-motivic sheaves [ABV09,
Definition 1.1.20]), which is equivalent by [ABV09, Lemma 2.3.1] (resp. [ABV09, Theorem 2.4.1.(i)])
to DMeff0 (k) (resp. DM
eff
1 (k)), and the functor we call Lπ0 (resp. LAlb) is obtained by composing
the functor of loc. cit. with this equivalence.
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Proposition 3.13. Let k be a perfect field. The functors ω0 and ω1 restrict to compact objects.
Moreover, when restricting to compact objects, we have isomorphisms of functors
ω0 ≃ Dko
trΣ∞tr Lπ0Ω
∞
tr atrDk : DA
coh
c (k)→ DA
0
c(k)
and
ω1 ≃ Dko
trΣ∞tr LAlbΩ
∞
tr atrDk : DA
coh
c (k)→ DA
1
c(k).
Proof. By Proposition 1.26, the duality functor Dk restricts to give anti-equivalences of categories
DAcohc (k)
op ≃ DAhom,c(k) andDA
n
c (k)
op ≃ DAn,c(k) for any n ∈ N. By Lemma 3.12, this implies
that the inclusion DA0,c(k) → DAc(k) (resp. DA1,c(k) → DAc(k)) admits as right adjoint the
composition
Dko
trΣ∞tr Lπ0Ω
∞
tr atrDk : DA
coh
c (k)→ DA
0
c(k)
(resp.
Dko
trΣ∞tr LAlbΩ
∞
tr atrDk : DA
coh
c (k)→ DA
1
c(k)).
In the case n = 0, we already know that the functor ω0 restricts to compact objects by Propo-
sition 3.7 (iv), so that this right adjoint and the restriction of ω0 (which we also denote by ω0)
coincide. In the case n = 1, we argue as follows. Write temporarily ω˜1 := Dko
trΣ∞tr LAlbΩ
∞
tr atrDk.
Let M ∈ DAcohc (k). There is a morphism ω˜
1M → M in DAcohc (k), which by the adjunction
property of ω1 factors through a morphism ω˜1M → ω1M in DA1(k). The category DA1(k) is
compactly generated, hence to show that this morphism is an isomorphism, it is enough to show
that for every N ∈ DA1c(k), the induced morphism DA
1
c(k)(N, ω˜
1M) → DA1c(k)(N,ω
1M) is an
isomorphism. This follows from the adjunction properties of both functors. We deduce that ω1
restricts to compact objects, and that this restriction is related to LAlb by the formula above.
Finally, we use another result of [ABV09] to show that the ωn’s for n ≥ 2 are not well-behaved,
at least over “large” fields.
Proposition 3.14. Let n ≥ 2 and k be an algebraically closed field of infinite transcendence degree
over Q, e.g. k = C. Then ωn : DAcoh(k)→ DAn(k) does not preserve compact objects.
Proof. We prove this by contradiction. Assume that ωn preserves compact objects and write again
ωn : DAcohc (k)→ DA
n
c (k) for the restriction. By Proposition 1.26, the duality functor Dk restricts
to anti-equivalences of categories DAcohc (k)
op ≃ DAhom,c(k) and DA
n
c (k)
op ≃ DAn,c(k). This
implies that the composition Dk ◦ (ωn)op ◦Dk : DAhom,c(k)→ DAn,c(k) provides a left adjoint to
the inclusion DAn,c(k)→ DAhom,c(k).
By Lemma 3.12, this also provides a left adjoint to DMeffn,c(k) → DM
eff
c (k), which does not
exists by [ABV09, §2.5] (note that the assumption there is the existence of a left adjoint to
DMeffn (k) → DM
eff(k) but the proof only uses the existence of the adjoint on compact objects).
This contradiction finishes the proof.
3.3 Computation and finiteness of the motivic Picard functor
We can now compute ω1 in an important special case.
Theorem 3.15. Let f : X → S be a smooth projective Pic-smooth morphism, with S regular
excellent. The morphism Θf : Σ
∞P(X/S)(−1)[−2]→ f∗QX of Section 2.3 induces an isomorphism
ω1f∗QX ≃ Σ
∞P(X/S)(−1)[−2].
In particular, the motive ω1f∗QX is compact.
Proof. Assume S is a regular scheme. First of all, the motive Σ∞P(X/S) lies in DA1,c(S) by
Corollary 2.57. By Proposition 1.28, this implies that Σ∞(P(X/S)⊗ Q)(−1)[−2] lies in DA1c(S).
We deduce that Θf induces a morphism Σ
∞(P(X/S) ⊗ Q)(−1)[−2] → ω1f∗QX . It remains to
show that this is an isomorphism. We have also observed that (Σ∞P(X/S))(−1)[−2] is compact,
so this will also establish the last claim.
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We first treat the case when S is the spectrum of a perfect field k. The proof proceeds by
reduction to a computation in the category of effective Voevodsky motives DMeff(k). By Propo-
sition 1.28, the category DA1(k) is compactly generated by motives of the form g♯QC(−1) for a
smooth curve g : C → k. We thus have to show that for all such g and all n ∈ Z, the map
DA(k)(g♯QC(−1)[−n],Σ
∞P(X/k)(−1)[−2])
(Θf )∗
−→ DA(k)(g♯QC(−1)[−n], f∗QX)
induced by Θf is an isomorphism (this turns out to hold for any smooth C, not only for curves, as
the argument below shows).
First, using that atrΘf = Θ
tr
f modulo a certain isomorphism (Proposition 2.63), this is equiva-
lent to the morphism
DM(k)(g♯Q
tr
C ,Σ
∞
tr P
tr(X/k)[n− 2])
(Θtrf )∗
−→ DM(k)(g♯Q
tr
C , f∗Q
tr
X(1)[n])
being an isomorphism. By Lemma 3.16, we have a commutative diagram.
DM(k)(g♯Q
tr
C ,Σ
∞f∗Q
tr
X(1)[n])
// DM(k)(g♯Q
tr
C , f∗Q
tr
X(1)[n])
DMeff(k)(g♯Q
tr
C , f∗Q
tr
X(1)[n])
Σ∞ ∼
OO
DM(k)(g♯Q
tr
C ⊗ f♯QX ,Q
tr
k (1)[n])
Λ ∼
OO
DMeff(k)(g♯Q
tr
C ⊗ f♯Q
tr
X ,Q
tr
k (1)[n])
Λeff ∼
OO
DMeff(g♯Q
tr
C ⊗ f♯Q
tr
X ,Q
tr
k (1)[n]).
Σ∞ ∼
OO
Using the alternative description of Θtrf from Proposition 2.63 with u
eff,tr
X and the fact that u
eff,tr
X
is an isomorphism, we see that we have to show that the top morphism in the previous diagram is
an isomorphism.
The maps induced by Σ∞ are isomorphisms because of the Cancellation theorem [Voe10] (this is
where we use the hypothesis k perfect), hence the top morphism is an isomorphism. This concludes
the proof in the case k perfect.
We now turn to the case of S = Spec(k) with k an arbitrary field. Let kperf be a perfect
closure of k and h : Spec(kperf) → Spec(k) be the canonical morphism. Write T = Spec(kperf).
By Proposition 2.64 and applying ω1, we have a commutative diagram
h∗Σ∞P(X/S)(−1)[−2] //
Vh◦Rh

ω1(h∗f∗QX)
ω1(Ex∗∗)

Σ∞P(XT/T )(−1)[−2]
Θf′
// ω1(f ′∗QXT ).
By Corollary 2.59, the morphism Vh is an isomorphism. Since Rh is an isomorphism, we see that
the left vertical map in the diagram is an isomorphism. By proper base change, the right vertical
map is an isomorphism. We are reduced to prove that Θf ′ is an isomorphism, which follows from
the perfect field case.
We now consider the general case. We can assume that S is connected, and hence integral. The
statement of the theorem is equivalent to the following claim: for all M ∈ DA1(S), the map Θf
induces an isomorphism
DA(S)(M,Σ∞P(X/S)(−1)[−2])
∼
−→ DA(S)(M, f∗QX).
We first make a series of reformulations. By Proposition 1.28 and the definition of DA1(S), the
category DA1(S) is compactly generated by objects of the form g♯QC(−1) for a smooth curve
g : C → S. We can thus state the theorem as follows: for every smooth curve g : C → S and all
n ∈ Z, the map
DA(S)(g♯QC(−1)[−n],Σ
∞P(X/S)(−1)[−2])
Θf∗
−→ DA(S)(g♯QC(−1)[−n], f∗QX)
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is an isomorphism. By adjunction, this is equivalent to the statement that the map
DA(C)(QC(−1)[−n], g
∗Σ∞P(X/S)(−1)[−2])
(g∗Θf )∗
−−−−−→ DA(C)(QC(−1)[−n], g
∗f∗QX)
is an isomorphism. Let f ′ : XC → C be the pullback of f along g. The morphism f ′ is Pic-smooth
by Lemma 2.38 and C is regular. By Proposition 2.64 and the fact that vsmg is an isomorphism
because g is smooth (Lemma 2.30), the morphism (g∗Θf )∗ above is an isomorphism if and only
the morphism
DA(C)(QC ,Σ
∞P(XC/C)[n− 2])
Θf′
−→ DA(C)(QC , f
′
∗QXC (1)[n])
is an isomorphism. By adjunction, the right-hand side is isomorphic to the motivic cohomology
group Hn,1M (XC). For concision, let us introduce the ad hoc notation
HPn−2(X/S) := DA(S)(QS , (Σ
∞P(X/S))[n− 2]).
To conclude, since f ′ still satisfies all the hypotheses of the theorem, we are reduced to prove that
the map
HPn−2(X/S)→ Hn,1M (X)
induced by Θf is an isomorphism for all n ∈ Z and all f : X → S as in the statement of the
theorem.
As S and X are regular, we know from Proposition B.6 how to compute Hn,1M (X): it is zero
for n 6= 1, 2, and we have explicit isomorphisms relating it to O×(X)Q if n = 1 (resp. Pic(X)Q if
n = 2). The idea of the rest of the proof is to apply a localisation argument similar to the proof
of Proposition B.6. Let j : U → S be a non-empty open set and i : Z → S its reduced closed
complement. Then by colocalisation, we get a morphism of long exact sequences
. . . // DA(Z)(QZ , i
!Σ∞P(X/S)[n− 2]) //

HPn−2(X/S) //

HPn−2(XU/U) //

. . .
. . . // DA(Z)(QZ , i
!(f∗QX(1)[n])) // H
n,1
M (X)
// Hn,1M (XU )
// . . .
Since every closed subscheme of S is excellent and reduced, hence has open non-empty regular
locus, we can choose a stratification Z = Z0 ⊃ Z1 ⊃ . . . ⊃ Zd = ∅ in such a way that for all k,
the scheme Zk \ Zk+1 is regular of codimension dk in S and in such a way that (Z \ Z1) contains
all points of codimension 1 of Z in S (so that dk ≥ 2 for k ≥ 1). Let ik : Zk \ Zk+1 → S be the
corresponding regular locally closed immersion.
By Corollary 2.57, the motive Σ∞P(X/S)(−1) is in DA1gsm(S). By absolute purity in the
form of Proposition 1.7, for any k, we have i!kΣ
∞P(X/S) ≃ i∗kP(X/S)(−dk)[−2dk]. In particular,
by Corollary 3.9 (iii), we have ω0(i!kΣ
∞P(X/S)) ≃ 0 for k ≥ 1. This shows that by inductively
applying absolute purity and colocalisation, we get a morphism of long exact sequences
. . . // DA(Z)(QZ\Z1 , i
∗
0Σ
∞P(X/S)(−1)[n− 4]) //

HPn−2(X/S) //

HPn−2(XU/U) //

. . .
. . . // Hn−2,0(XZ\Z1)
// Hn,1M (X)
// Hn,1M (XU )
// . . .
Write Z ′ = Z \ Z1. The motive i∗0Σ
∞P(X/S)(−1)[n− 4] lies in DAcoh(Z ′), so that
DA(Z ′)(QZ′ , i
∗
0Σ
∞P(X/S)(−1)[n− 4]) ≃ DA(Z ′)(QZ′ , ω
0(i∗0Σ
∞P(X/S)(−1)[n− 4])).
Using Corollary 2.57, we apply Proposition 3.7 (ii) to get an isomorphism
ω0(i∗Σ∞P(X/S)(−1)[n− 4]) ≃ i∗ω0(Σ∞P(X/S)(−1)[n− 4]).
55
By Corollary 3.11, we then have
ω0(Σ∞P(X/S)(−1)[n− 4]) ≃ π0(f)∗Q[n− 2].
We deduce that
DA(Z ′)(QZ′ , i
!Σ∞P(X/S)[n− 2]) ≃ Hn−2,0(π0(XZ′/Z
′)).
We rewrite this into the previous commutative diagram to get
. . . // Hn−2,0(π0(XZ′/Z
′)) //
(π0)
∗

HPn−2(X/S) //

HPn−2(XU/U) //

. . .
. . . // Hn−2,0(XZ′) // H
n,1
M (X)
// Hn,1M (XU )
// . . .
By Proposition B.5, since XZ′ and π0(XZ′/Z
′) are both regular and have the same set of connected
components, the map (π0)
∗ is an isomorphism for all n, and the groups Hn−2,0(XZ′) vanish for
n 6= 2. As a consequence, we see that the pullback map HPn−2(S)→ HPn−2(U) is an isomorphism
for n 6= 1, 2, and there is a commutative diagram with exact horizontal lines
0 // HP−1(X/S) //

HP−1(XU/U) //

Qπ0(XZ′ ) // HP0(X/S) //

HP0(XU/U) //

0
0 // H1,1M (XS)
// H1,1M (XU )
// Qπ0(XZ′ ) // H2,1M (XS)
// H2,1M (XU )
// 0.
We then pass to the limit over all non-empty closed subsets Z and use continuity for DA. For
n 6= 1, 2, we obtain that HPn−2(S) → HPn−2(κ(S)) is an isomorphism. By the field case and
Proposition B.6, we have HPn−2(κ(S)) ≃ 0 ≃ Hn,1M (κ(s)) ≃ H
n,1
M (S) for such n’s, and this con-
cludes the proof for n 6= 1, 2. For n = 1, 2, we obtain a commutative diagram
0 // HP−1(X/S) //

HP−1(Xκ(S)/κ(S)) //

Π // HP0(X/S) //

HP0(Xκ(S)/κ(S)) //

0
0 // H1,1M (XS)
// H1,1M (Xκ(S))
// Π // H2,1M (XS)
// H2,1M (Xκ(S))
// 0
with Π a group which can be expressed in terms of the sheaf π0(X/S), but which we do not need
to know explicitly. Applying the already established result in the field case (for the function field
κ(S)), we see that the second and fifth vertical maps are isomorphisms. By the five lemma, we
conclude that the first and fourth one are as well. This finishes the proof.
The following lemma, which relates Grothendieck operations in the effective and non-effective
settings, was used in the proof above.
Lemma 3.16. Let S be a field, f : X → Spec(k) a smooth k-variety, and M,N ∈ DM(eff)(k).
There exists natural isomorphisms
Λ
(eff)
M,N : DM
(eff)(k)(M ⊗ f♯Q, N) ≃ DM
(eff)(k)(M, f∗f
∗N)
such, for M,N ∈ DMeff(k), the diagram
DM(k)(Σ∞trM,Σ
∞
tr f∗f
∗N) // DM(k)(Σ∞trM, f∗f
∗Σ∞trN)
DMeff(k)(M, f∗f
∗N)
Σ∞ ∼
OO
DM(k)(Σ∞trM ⊗ f♯Q
tr
X ,Σ
∞
trN)
Λ ∼
OO
DMeff(k)(M ⊗ f♯Q
tr
X , N)
Λeff ∼
OO
DMeff(k)(M ⊗ f♯Q
tr
X , N)
Σ∞ ∼
OO
commutes.
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Proof. Let A,B ∈ DM(eff)(k). We have smooth projection formula isomorphisms
sp(eff) : f♯(f
∗A⊗B)
∼
→ A⊗ f♯B.
Moreover, there are natural isomorphisms Σ∞tr f♯ ≃ f♯Σ
∞
tr and Σ
∞
tr f
∗ ≃ f∗Σ∞tr , and modulo these
natural isomorphisms, we have Σ∞tr sp
eff = sp.
We now define Λ as
DM(eff)(M ⊗ f♯Q, N)
(sp(eff))−1
≃ DM(eff)(k)(f♯f
∗M,N) ≃ DM(eff)(M, f∗f
∗N)
where the second map is given by the two adjunctions (f♯, f
∗) and (f∗, f∗).
The commutation of the diagram then follows from Σ∞sp(eff) = sp.
Remark 3.17. In view of the non-canonical decomposition of P (X/S) from Corollary 2.57, Theorem
3.15 can be interpreted as a 1-motivic analogue of Deligne’s decomposition theorem for smooth
projective morphisms.
Remark 3.18. In the special case of S = Spec(k) with k a perfect field, the theorem is closely
related to computations of LAlb and RPic from [BVK16, §9]. Let us sketch this connection. Let
f : X → Spec(k) be a smooth projective variety. Then X is automatically Pic-smooth, and the
morphism
(Σ∞P(X/k))(−1)[−2]→ ω1f∗QX .
induced by Θf is an isomorphism. By Proposition 3.13, we have the following isomorphisms.
ω1f∗QX ≃ Dko
trΣ∞tr LAlbΩ
∞
tr atrDkf∗QX
≃ otrDtrk Σ
∞
tr LAlbM
eff,tr
k (X)
where we have used the same arguments as in Section 3.2 to pass from DA to DMeff . Moreover,
by Lemma 3.19 below, we can write
otrDtrk Σ
∞
tr LAlbM
eff,tr
k (X) ≃ o
tr(Σ∞Homeff(LAlbM eff,trk (X),Q(1)))(−1)
≃ otr(Σ∞tr RPic(X))(−1)
where RPic(X) is the motive introduced in [BVK16, Definition 8.3.1] and we have used the duality
between LAlb(X) and RPic(X) in [BVK16, §4.5]. At this point, we have an isomorphism
otr(Σ∞tr RPic(X))(−1) ≃ (Σ
∞P(X/k))(−1)[−2].
We now apply atr, use the isomorphism atrΣ∞ ≃ Σ∞tr a
tr, Corollary 2.60, and the cancellation
theorem [Voe10]: this yields an isomorphism
RPic(X) ≃ Ptr(X/k)[−2].
We are now in position to connect with the results of [BVK16]: modulo this isomorphism, the
distinguished triangles of Corollary 2.60 for Ptr(X/k) give an alternative proof of [BVK16, Corollary
9.6.1] in the special case where X is smooth projective and we have Q-coefficients.
Lemma 3.19. Let k be a perfect field. We have for M ∈ DMeffn,c(k) a natural isomorphism
Dtrk Σ
∞
trM ≃ (Σ
∞
tr Hom
eff(M,Q(n)))(−n).
Proof. Let N,M ∈ DMeffc (k). By adjunction, monoidality of Σ
∞
tr and the cancellation theorem
[Voe10], there is a sequence of natural isomorphisms
DMeff(k)(N,Ω∞tr D
tr
k (Σ
∞
trM(−n))) ≃ DM(k)(Σ
∞
trN,D
tr
k (Σ
∞
trM(−n)))
≃ DM(k)(Σ∞trN ⊗ Σ
∞
tr (M)(−n),Q)
≃ DM(k)(Σ∞tr (N ⊗M),Q(n))
≃ DMeff(k)(N ⊗M,Q(n))
≃ DMeff(k)(N,Homeff(M,Q(n)))
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which provides, by the Yoneda lemma, a natural isomorphism Ω∞tr D
tr
k (M(−n)) ≃ Hom
eff(M,Q(n)).
We apply Σ∞tr to get an isomorphism Σ
∞
tr Ω
∞
tr D
tr
k (M(−n)) ≃ Σ
∞Hom
eff(M,Q(n)).
Moreover, the motive Dtrk (Σ
∞
trM(−n)) lies in DMhom,c(k) by Proposition 1.28, Lemma 3.12
and Proposition 1.26. Because of the cancellation theorem [Voe10], the counit Σ∞tr Ω
∞
tr → id is
an isomorphism on DMhom(k); hence Σ
∞
tr Ω
trDtr(Σ∞trM(−n)) ≃ D
tr(Σ∞trM(−n)) ≃ (D
trΣ∞trM)(n).
Combining this with the previous paragraph completes the proof.
In the special case of a relative curve, because the Ne´ron-Severi rank is constant, we can
remove the regularity hypothesis on the base. This yields a general computation of the motive of a
smooth projective curve. Recall that for a smooth morphism f : X → S, we write MS(X) for the
homological motive f♯QX (this notation is sometimes convenient because it does not refer to f).
Corollary 3.20. Let f : C → S be a smooth projective curve.
(i) The morphism
Θf : Σ
∞P(C/S)(−1)[−2]→ f∗QC
is an isomorphism, and induces an isomorphism
Σ∞P(C/S) ≃MS(C).
(ii) If S is regular, we then have (non-canonical) isomorphisms
f♯QC ≃MS(π0(C/S))⊕ Σ
∞ Jac(C/S)⊕MS(π0(C/S))(1)[2]
and
f∗QC ≃MS(π0(C/S))⊕ Σ
∞ Jac(C/S)(−1)[−2]⊕MS(π0(C/S))(−1)[−2].
(iii) If f has geometrically connected fibres and a section σ : S → C, we have canonical isomor-
phisms
f♯QC ≃ QS ⊕ Σ
∞ Jac(C/S)⊕QS(1)[2]
and
f∗QC ≃ QS ⊕ Σ
∞ Jac(C/S)(−1)[−2]⊕QS(−1)[−2].
Proof. Let us show that Θf is an isomorphism. By [Ayo14a, Proposition 3.24], it is enough to show
that s∗Θf is an isomorphism for any s ∈ S. By Proposition 2.64 and Proposition 2.61, we are then
reduced to the case when S is the spectrum of a field. The fact that Θf is then an isomorphism
is a special case of Theorem 3.15. The claims in (i) and (ii) then follow from Corollary 2.57 and
Proposition 2.61. Let us assume further that f has geometrically connected fibres and a section
σ : S → C. The section σ yields sections of the lattices Q(π0(C/S)) and NS
sm
C/S ≃ Q(π0(C/S))
(Proposition 2.61), which can be used to produce splittings of the distinguished triangles computing
Σ∞P (C/S)(−1)[−2] in Proposition 2.57. From this and (i), we get the decompositions in (iii).
As an application of the computation, we can now prove a fundamental finiteness result for ω1.
Theorem 3.21. Let S be a noetherian finite-dimensional excellent scheme. Assume that S admits
resolution of singularities by alterations. Then the functor ω1 : DAcoh(S) → DA1(S) preserves
compact objects.
Proof. We follow the argument of [AZ12, Proposition 2.14 (vii)] for the case of ω0, with minor
changes.
By Corollary 1.19 (ii) we can assume that S is reduced. We prove the result by noetherian
induction on S. Let M be in DAcohc (S). Since M is compact and cohomological, Lemma 1.8,
Proposition 1.26 and continuity implies that there exists a dense open set V ⊂ S and a finite
family {fi}ni=1 of smooth projective morphisms fi : Xi → V such that MV lies in the triangulated
subcategory generated by the motives fi∗QXi . By Proposition 2.39, there exists an everywhere
dense open subset U ⊂ V such that fi×SU is Pic-smooth for every i. We can moreover assume that
U is regular. Write j : U → S for the open immersion and i : Z → S for the complementary reduced
58
closed immersion. By Proposition 1.12, because of the hypothesis of resolution of singularities by
alterations for S, the colocalisation triangle
i∗i
!M →M → j∗j
∗M
+
→
lies in DAcoh(S). We apply ω1 and use Proposition 3.3 (iii) to obtain a distinguished triangle
i∗ω
1(i!M)→ ω1M → ω1(j∗j
∗M)
+
→ .
By induction, we know that ω1(i!M) is compact, so it is enough to show that ω1(j∗j
∗M) is as well.
By Proposition 3.3 (iii), we have an isomorphism ω1(j∗j
∗M) ≃ ω1(j∗ω1j∗M). PutN = j∗ω1(j∗M);
we have to show that ω1(N) is compact. The motive j∗M lies in the triangulated subcategory
generated by the motives (fi ×S U)∗Q with fi ×S U smooth projective Pic-smooth and U regular;
hence by Theorem 3.15, ω1(j∗M) is compact. This implies thatN is compact, with j∗N ∈ DA1(U).
In particular, we have j!j
∗N ∈ DA1c(S). Thus applying ω
1 to the localisation triangle for N and
using Proposition 3.3 (iii) yield a distinguished triangle
j!j
∗N → ω1N → i∗ω
1i∗N
+
→ .
By Proposition 3.3 (vi), we have i∗ω1(N) ≃ ω1(i∗N), which is compact by induction. This com-
pletes the proof that ω1N is compact, and the proof of the theorem.
4 Motivic t-structures
We introduce the motivic t-structures on DA1(S) and DA
1(S) and study how Deligne 1-motives
relates to its heart.
4.1 Conservativity of realisations of 1-motives
As we have explained in the introduction, in our approach to the motivic t-structure for relative
1-motives, the conservativity of realisation functors is a necessary first step to ensure uniqueness.
Recall from [Ayo10] that for k a field of characteristic 0 with a fixed complex embedding σ : k → C
and S scheme of finite type over k, there is a covariant Betti realisation functor
RB,σ : DA(S)→ D(S
an,Q)
with target the derived category of sheaves of Q-vector spaces on the complex analytic space San.
Similarly, we fix a prime ℓ, and let S be a Z[ 1ℓ ]-scheme. Let Dc(S,Qℓ) be subcategory of
complexes with constructible cohomology in the derived category of Qℓ-sheaves S in the sense of
Ekedahl [Eke90]. By [Ayo14a, Section 9], there is a covariant ℓ-adic realisation functor
Rℓ : DAc(S)→ Dc(S,Qℓ).
Proposition 4.1. With the notations and hypotheses above, the functors RB,σ and Rℓ, restricted
to either of DA0,c(S), DA1,c(S) or DA
1
c(S) are conservative.
Proof. Since DA0,c(S) ⊂ DA1,c(S) and DA
1
c(S) = DA1,c(S)(−1), it is enough to treat the case
of DA1,c(k). Artin’s comparison theorem between Betti and ℓ-adic cohomology, including in the
relative setting [SGA73, Expose´ XVI.4, The´ore`me 4.1], implies that, for any M ∈ DAc(S) for S
of finite type over k, any embedding σ : k →֒ C and any prime number ℓ, we have RB,σ(M) = 0⇔
Rℓ(M) = 0. It is thus enough to treat the ℓ-adic case.
If k is a perfect field of characteristic p 6= ℓ, we have a t-exact equivalence of triangulated
categories Σ∞ : Dbc(M1(k)) ≃ DA1,c(k) by [Org04]. By Lemma 4.2 below, we only have to check
that the induced functor R♥ℓ fromM1(k) to either Q or Ql-vector spaces is conservative. Using the
weight filtration on Deligne 1-motives, it is enough to show that if M is a pure object in M1(k)
with trivial realisation, it is itself 0. This follows from the computation of the realisation of such
a motive in [AHPL16, 5.2].
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The ℓ-adic realisation commutes with pullbacks along finite type morphisms [Ayo14a, Theoreme
9.7], hence by continuity for DA and for the constructible ℓ-adic derived category it commutes
with pullbacks along morphisms which can be written as cofiltered limits of morphisms with affine
transition morphisms. In particular, Rℓ commutes with pullbacks along the inclusion of a point
in a scheme, and with pullbacks along arbitrary field extensions. Combining the two, we deduce
that Rℓ commutes with pullbacks along any morphism is¯ : s¯ → S with s¯ the spectrum of an
algebraically closed field.
Let M ∈ DA1,c(S). Assume that Rℓ(M) = 0. By the previous paragraph, for any is¯ : s¯ → S
geometric point, we have Rℓ(i
∗
s¯M) = 0. By the perfect field case above, we have i
∗
s¯M = 0.
By [AHPL16, Lemma A.6], the family of such pullback functors is conservative, and we conclude
that M = 0. This concludes the proof of conservativity.
Lemma 4.2. Let F : T → T ′ be a t-exact functor between triangulated categories equipped with
t-structures. Assume that the t-structure on T is bounded and that the induced functor F♥ : T ♥ →
T ′♥ is conservative. Then F is conservative.
Proof. Let M ∈ T . Assume that F (M) = 0. Then HnF (M) = F (HnM) = 0 for all n ∈ Z. Since
F♥ is conservative, we have HnM = 0 for all n ∈ Z. Since the t-structure on T is bounded, we
deduce that M = 0.
4.2 Construction of the t-structures
We fix a (noetherian, finite-dimensional) base scheme S for the rest of this section. We want
to define t-structures by generators and relations. This is possible in the context of compactly
generated triangulated categories.
Proposition 4.3. [Ayo07a, Lemme 2.1.69, Proposition 2.1.70] Let T be a compactly generated
triangulated category and G be a family of compact objects in T . Define T≥0 = ⟪G⟫+ and T<0 as
the right orthogonal of G[N], i.e., the full subcategory of all objects N with
∀n ∈ N, ∀G ∈ G, Hom(G,N [−n]) = 0.
Then (T , T≥0, T<0) is a t-structure on T , which we denote by t(G) and call the t-structure
generated by G on T .
We can now introduce our candidate generating families. The definition uses Deligne 1-motives
over a base: for definitions and notations, we refer to the first section of Appendix A.
Definition 4.4. We define classes of objects in DA(S) as follows. We put
JGS =

e♯Σ
∞(K ⊗Q)| e : U → S e´tale,K =
one of Z, Gm[−1], or Jac(C/U)[−1] for
C/U smooth projective curve
with geometrically connected fibres
and a section U → C

 ,
and
DGS = {e♯Σ
∞(M)| e : U → S e´tale , M ∈M1(U)} .
We call objects JGS (resp. DGS) Jacobian generators (resp. Deligne generators).
By construction, we have JGS ⊂ DGS . Jacobian generators are useful because we understand
better relative motives of curves than of abelian schemes.
Lemma 4.5. (i) Let f : T → S be a morphism of schemes. Then we have f∗JGS ⊂ JGT and
f∗DGS ⊂ DGT .
(ii) Let e : T → S be an e´tale morphism. Then e♯JGT ⊂ JGS and e♯DGT ⊂ DGS.
Proof. Point (i) follows from the Ex∗♯ isomorphism and Corollary 2.7. Point (ii) follows directly
from the definition.
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We now come to a more difficult stability property.
Proposition 4.6. Assume S to be excellent and let i : Z → S be a closed immersion. Then
i∗〈J GZ〉(+) ⊂ 〈J GS〉(+).
Proof. Let r : Zred → Z be the canonical closed immersion. Localisation implies that id ≃ r∗r∗.
Since r∗ preserves JG by Lemma 4.5, we see that it is enough to show the property for i ◦ r. We
can thus assume Z reduced.
We proceed by induction on the dimension of Z. If dim(Z) = 0, because Z is reduced, it is a
disjoint union of closed points of S. Then i∗ is canonically the direct sum of the corresponding
push-forwards, so we can assume that Z is a single closed point s ∈ S.
There are three different types of generators in JGs. Fix e : V → s an e´tale morphism. Since
s is a point, e is actually finite e´tale. By Lemma 4.7 (i), there exists an open neighbourhood
s ∈ U
c
→֒ S and an e´tale morphism e˜ : V˜ → U extending e. We form the commutative diagram
V˜ ◦
˜
//
e˜◦

V˜
e˜

V
e

ı˜oo
U \ s
¯
// U s
ı¯oo
with cartesian squares.
We first consider the case of a generator e♯Q. By localisation, we have a distinguished triangle
¯!¯
∗e˜♯Q→ e˜♯Q→ ı¯∗ı¯
∗e˜♯Q
+
→
to which we apply c♯ and then rewrite as
(c¯)♯e˜
◦
♯Q→ c♯e˜♯Q→ i∗e♯Q
+
→ .
The motives (c¯)♯e˜
◦
♯Q and c♯e˜♯Q are in JGS , so this triangle shows that i∗e♯Q lies in 〈J GS〉+.
The case of a generator of the form e♯Σ
∞Gm ⊗ Q[−1] ≃ e♯Q(1) (cf. Proposition 2.5) follows
from essentially the same proof, twisting by Q(1).
We now do the case of a generator of the form e♯Σ
∞ Jac(C/V )Q[−1] with f : C → V a smooth
projective curve with geometrically connected fibres and a distinguished section σ : V → C. We
have an isomorphism
i∗e♯Σ
∞ Jac(C/V )Q ≃ (ie)!Σ
∞ Jac(C/V )Q ≃ (ce˜ı˜)!Σ
∞ Jac(C/V )Q ≃ c♯e˜♯ ı˜∗Σ
∞ Jac(C/V )Q
which reduces us to show that ı˜∗Σ
∞ Jac(C/V ) lies in 〈J GV˜ 〉+. Since V has finitely many points,
a simple argument shows that, up to restricting V˜ we can assume that V and V˜ are connected,
with V consisting of a single point v.
We use standard results from the deformation theory of curves, summarized in Lemma 4.7 (ii).
The outcome is that we have a pointed e´tale neighbourhood (d : V˜ ′ → V˜ , v) of (V˜ , v) and a smooth
projective curve f˜ : C˘ → V˜ ′ with geometrically connected fibers which extends C, together with
a section σ˘ (which extends σ). By the arguments of the previous paragraph, we can replace V˜ by
V˜ ′ and assume that C˘ and σ˘ are defined over V˜ .
We form the following diagram of schemes with cartesian squares
C˘0
˘
//
f˜◦

C˘
f˜

C
ı˜oo

V˜ ◦
¯
// V˜ v
ı¯oo
We have a localisation triangle
¯!¯
∗Σ∞ Jac(C˘/V˜ )Q → Σ
∞ Jac(C˘/V˜ )Q → ı¯!ı¯
∗Σ∞ Jac(C˘/V˜ )Q
+
→
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which we rewrite using Corollary 2.7 to obtain
¯♯Σ
∞ Jac(C˘◦/V˜ ◦)Q → Σ
∞ Jac(C˘/V˜ )Q → i∗Σ
∞ Jac(C/v)Q
+
→
The first two terms of this complex are in JGV˜ , so this shows that i∗ Jac(C/v)Q is in 〈J GV˜ 〉+.
This concludes the proof in the case dim(Z) = 0.
We now come to the induction step. Let M ∈ J GZ . Write for the moment M = e♯Σ
∞G ⊗ Q
with G one of the three possible types and e : U → S an e´tale morphism.
Let k : W → Z be a dense open irreducible subset such that eW is finite e´tale. Let l : T → Z be
the complementary reduced closed immersion; let further k′ :W ′ → S be an open immersion with
W ′∩Z = W and l′ : T ′ → S be the complementary reduced closed immersion. Write m :W →W ′
and n : T → T ′ for the induced closed immersions.
We have a localisation triangle for k, l to which we apply i! and get
i!k!k
∗M → i∗M → i∗l∗l
∗M
+
→
which can be rewritten as
k′!m!k
∗M → i∗M → (l
′ ◦ n)∗l
∗M
+
→ .
By Lemma 4.5 (i) , we have k∗M ∈ J GW and l∗M ∈ J GZ . We have dim(T ) < dim(Z) so that by
induction the third term of this triangle is in 〈J GS〉+. Moreover k′! preserves 〈J G〉+ by Lemma
4.5 (i). Together, this means that to show that i∗M is in 〈J GS〉+, we need only show that m!k∗M
is in 〈J GW ′〉+. We are thus reduced to the case where Z is irreducible (with generic point η) and
e is a finite e´tale morphism.
The rest of the induction step consists of applying the same type of spreading out and defor-
mation arguments we used in the dim(Z) = 0 case to Gη. Since the three cases are similar and the
case of G = Jac(C/S) with f : C → S smooth projective curve is the most complicated, we only
spell out that one. Using the same argument as for dim(Z) = 0 based on Lemma 4.7 (i), we can
essentially assume e = id and V = S, which we do here for simplicity of notation.
By Lemma 4.7 (ii), which applies to the non-closed point η ∈ S as well, we can find a pointed
e´tale neighbourhood (e :W → S, x→ η) of (S, η) and a smooth projective curve f˜ : C˘ →W (with
geometrically connected fibres and a section) which extends Cη.
Let V = {x} ⊂ W be the closure of x. By spreading-out, there exists an open neighbourhood
V ◦ ⊂ V of x and a dense open subset Z◦ ⊂ Z such that f˜ induces an isomorphism V ◦ ≃ Z◦
(since it is an isomorphism above η). By localisation and the induction hypothesis, we can assume
that Z◦ = Z. We now have a smooth projective curve above an open set of S (with geometrically
connected fibres and a section) which extends f , and we can then conclude by localisation as in
the end of the proof of the dim(Z) = 0 case. This finishes the proof.
Lemma 4.7. Let S be a scheme and s ∈ S.
(i) Let e : V → s be a e´tale morphism. There exists an open neighbourhood s ∈ U
c
→֒ S and an
e´tale morphism e˜ : V˜ → U extending e.
(ii) Assume S is moreover excellent. Let f : C → s be a smooth projective geometrically connected
curve and a section σ : s → S. There exists a pointed e´tale neighbourhood (c : W → S, s)
of (S, s) and a smooth projective curve f˜ : C˘ →W with geometrically connected fibers which
extends C, together with a section σ˘ : S → C˘ which extends σ.
Proof. Let us prove Statement (i). The scheme V is a disjoint union of spectra of separable field
extensions of κ(s), and to prove the statement it is enough to prove it for each connected component.
The statement for each of those components follows from [SGA03, Expose´ I, Proposition 8.1].
Let us prove Statement (ii). By [SGA03, Expose´ III, Corollaire 7.4], the curve C can be
deformed to a smooth projective curve Ĉ on the complete local ring Spec(ÔS,s). By smoothness
of Ĉ and Hensel’s lemma, we can lift σ to a section σˆ of Ĉ.
Recall that a functor F : Sch/S → Set is called limit-preserving if for all filtered systems
of OS-algebras (Bλ) the natural map ColimλF (Spec(Bλ)) → F (Limλ Spec(Bλ)) is a bijection.
Consider the functor Curv∗ : Sch/S → Set which to an S-scheme T associates the set of pairs
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(C → T, σ : T → C) where C is a smooth projective relative curve and σ is a section. We have
(Ĉ, σˆ) ∈ Curv∗(Spec(ÔS,s)). The functor Curv∗ is limit-preserving by [Gro66, The´ore`me 8.8.2.(i)-
(ii)], [Gro66, The´ore`me 8.10.5.(xii)] and [Ayo15, Lemme 1.A.2] (and its proof).
By Artin approximation (in the form of [Art69, Corollary 2.2], which is known to hold over
a general excellent scheme after the work of Conrad-De Jong [CdJ02]), there exists a pointed
tale neighbourhood (W, s) and (C˘, σ˘) ∈ Curv∗(W ) which coincides with (Ĉ, σˆ) at the first order,
i.e., which lifts the original pair (C, σ). Finally, geometric connectedness of fibers for proper flat
morphisms of finite presentation with geometrically reduced fibers is an open property [Gro66,
The´ore`me 12.2.4.(vi)], and this implies that up to refining W we can assume that C˘ has geomet-
rically connected fibers.
The deformation theory argument in the proof of Proposition 4.6 is the reason why we have
introduced an arbitrary e´tale morphism in the definitions of DG and JG, instead of say an open
immersion. A simplification of the same proof yields the following 0-motivic analogue.
Lemma 4.8. Let i : Z → S be a closed immersion. Then
i∗〈e♯Q| e : U → Z e´tale 〉(+) ⊂ 〈f♯Q| f : V → S e´tale 〉(+).
We can now exhibit new generating families for DA1(S) and DA
1(S).
Proposition 4.9. Let S be a noetherian finite-dimensional excellent scheme.
(i) 〈J GS〉(+) = 〈DGS〉(+).
(ii) We have
DA1,c(S) = 〈J GS〉 = 〈DGS〉
and
DA1(S) = ⟪JGS⟫ = ⟪DGS⟫.
(iii) We have
DA1c(S) = 〈J GS(−1)〉 = 〈DGS(−1)〉
and
DA1(S) = ⟪J GS(−1)⟫ = ⟪DGS(−1)⟫.
Proof. Let us prove Point (i). Using Lemma 4.5 and localisation, we can assume that S is reduced.
By definition, JGS ⊂ DGS , hence 〈J GS〉(+) ⊂ 〈DGS〉(+). We prove the reverse inclusion by
noetherian induction on S. Since 〈〈G〉+〉 = 〈G〉 for any family G, it is enough to treat the +
version. Let M be in DGS . By Proposition 4.6, Lemma 4.5 and localisation, to proceed with the
induction, it is enough to show that there exists a non-empty open set j : V → S such that j∗M
lies in 〈J GV 〉+.
A lattice (resp. a torus) on a reduced scheme is generically a direct factor of a permutation
lattice (resp. torus) by [SGA70, Exp. X 6.2], while an abelian scheme on S is generically and up to
isogeny a direct factor of the relative Jacobian of a smooth projective curve with a rational point
by [Kat99, Theorem 11] applied at a generic point and a spreading out argument. This implies
that for any M ∈ DGS , there exists a non-empty open j : V → S such that j∗M is a direct factor
of a motive in JGV . This completes the proof of Point (i).
For Point (ii), it is enough to show that DA1,c(S) = 〈DGS〉. Over an arbitrary field k, we have
that DA1,c(k) is generated by motives of smooth projective curves by Proposition 1.26, and those
lies in 〈DGk〉 by Proposition 2.9. In the other direction, it is enough to show that the image by
Σ∞ of pure Deligne 1-motives over k lie in DA1,c(k); this is an easy case of Corollary 2.19. By
continuity for both sides, we can apply noetherian induction, localisation and use the stability by
i∗ of both sides (Proposition 1.18 for DA1,c, Proposition 4.6 for 〈DG〉). This finishes the proof.
Recall that DA1(S) = DA1(S)(−1) by Proposition 1.28. We come to the main definition of
this paper.
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Definition 4.10. Let S be a noetherian finite-dimensional scheme. The motivic t-structure
tMM,1(S) on DA1(S) (resp. t
1
MM
(S) on DA1(S)) is the t-structure t(DGS) (resp. t(DGS(−1))).
The heart of tMM,1 (resp. t
1
MM
) is the abelian category of 1-motivic sheaves MM1(S) (resp.
MM1(S)).
The two abelian categoriesMM1(S) andMM
1(S) are equivalent via Tate twists, but embedded
differently in DA(S). From Proposition 4.9 we immediately get the following statement.
Corollary 4.11. Assume that S is excellent. Then tMM,1 = t(JGS) = t(DGS) (resp. t
1
MM
=
t(JGS(−1)) = t(DGS(−1))).
We introduce a parallel definition for 0-motives. Recall thatDA0(S) = DA
0(S) by Proposition
1.28,
Definition 4.12. The motivic t-structure tMM,0(S) = t
0
MM
(S) on DA0(S) = DA
0(S) is the
t-structure generated by the family of objects of the form e♯Q with e : T → S e´tale. The heart of
t0
MM
is the abelian category of 0-motivic sheaves MM0(S).
Remark 4.13. The t-structure tMM,0(S) is somewhat similar to the homotopy t-structure on the
whole ofDA(S), which we define, following [Ayo07a, Definition 2.2.41], as the t-structure generated
by the objects f♯Q(n)[n] for all f : T → S smooth and n ∈ Z. It is likely that the homotopy t-
structure restricts to DA0(S) and that its restriction is tMM,0(S).
We now discuss some elementary exactness properties of Grothendieck operations with respect
to the motivic t-structures.
Proposition 4.14. The following properties hold for tMM,1, t
1
MM
and tMM,0.
(i) Let f be a morphism of schemes; then f∗ is t-positive.
(ii) Let f be a quasi-finite separated morphism between excellent schemes; then f! is t-positive.
(iii) Let e be an e´tale morphism; then e∗ is t-exact.
(iv) Let f be a finite morphism between excellent schemes; then f∗ is t-exact.
Let ǫ ∈ {0, 1}; the following properties hold for tǫ
MM
.
(v) Let f be a morphism of schemes; then ωǫf∗ is t-negative.
(vi) Let f be a quasi-finite separated morphism of schemes between excellent schemes; then ωǫf !
is t-negative.
Proof. By Proposition 1.18 (resp. 1.17) and the very definition of ω0 and ω1, all the operations
above are well-defined. We prove the proposition for tMM,1; the proof for the corresponding
statements for t1
MM
is then obtained by twisting by Q(−1), and the proof for t0
MM
is completely
analoguous (using Lemma 4.8 instead of Proposition 4.6)
Let f : S → T be any morphism of schemes (resp. a quasi-finite separated morphism between
excellent schemes). Then f∗ (resp. f!) commute with small sums since it is a left adjoint. By
[Ayo07a, Lemme 2.1.78], to prove statements (i), (ii), it remains to show that f∗DGT ⊂ DA1(S)≥0
and that when f is quasi-finite, f!DGS ⊂ DA1(S)≥0.
In the case of f∗, the result follows from Lemma 4.5 (i).
For the case of f!, we proceed in several steps. If e is an e´tale morphism, we have e!DGS ⊂ DGT
by definition. If i is a closed immersion, we have i!DGS ⊂ 〈DGT 〉+ by Proposition 4.6 and
Proposition 4.9. Let f be an arbitrary quasi-finite morphism. At this point, we know that for a
open immersion j (resp. a closed immersion i), the functors j! and j
∗ (resp. the functors i! and
i∗) are t-positive. This shows that to prove that an object M is t-positive, one can proceed by
localisation. A noetherian induction together with the e´tale case above then reduce us to the case
where f is finite surjective inseparable, and allows us further to restrict to an arbitrary dense open
set of the base. Using continuity, this reduces us to the field case, where we can apply Lemma 1.27.
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Let f be an e´tale morphism (resp. a finite morphism between excellent schemes). We have seen
above that f∗ (resp. f∗ ≃ f!) is t-positive. Moreover, since e! ≃ e♯ (resp. f
∗) is t-positive, its right
adjoint e∗ (resp. f∗) is t-negative. This proves (iii) (resp. (iv)).
Let f : S → T be a morphism (resp. a quasi-finite separated morphism between excellent
schemes). We have seen above that f∗ : DA1(T ) → DA1(S) (resp. f! : DA
1(S) → DA1(T )) is
t-positive, so its right adjoint ω1f∗ (resp. ω
1f!) is t-negative. This proves (v) (resp. (vi)).
From the definition, we also get a partial result about the Betti and ℓ-adic realisation functors.
Proposition 4.15. • Let k be a field with a fixed complex embedding σ and S be a scheme of
finite type over k. The functor RB,σ, restricted to either DA0(S), DA1(S) or DA
1(S) is
t-positive with respect to the motivic t-structure and the standard t-structure.
• Let ℓ be a prime, and let S be a japanese Z[ 1ℓ ]-scheme. The functor Rℓ, restricted to either
DA0,c(S), DA1,c(S) or DA
1
c(S), sends compact tMM-positive objects to positive objects in
the standard t-structure.
Proof. Because of the definition of the motivic t-structures above, and the structure of t-positive
and compact objects in a generated t-structure, it is enough to show that the image of a compact
generator is t-positive for the standard t-structure. The three cases being similar, let us treat
the one of DA1(S). Let e : U → S be an e´tale morphism, M = [L → G] ⊗ Q ∈ M1(U) and
M = e!Σ
∞
U M ∈ DGU (recall that e♯ ≃ e! as e is e´tale).
Write R for either RB or Rℓ (with the appropriate hypothesis on S). Then RM ≃ e!R(Σ∞U M)
with e! the corresponding Grothendieck operations on derived categories of sheaves (by [Ayo10,
Theoreme 3.19] for R = RB and [Ayo14a, Theoreme 9.7] for R = Rℓ). Since the functor e! is then
t-exact for the standard t-structures, we only need to show that R(Σ∞U M) is t-positive. Let us
show that it is in fact in the heart of the standard t-structure. We can show this separately for
M = [L→ 0]⊗Q and M = [0→ G]⊗Q, i.e., we need to compute R(Σ∞LQ) and R(Σ∞GQ[−1]).
Note that because of the commutation of R with the six operations, localisation and the t-
exactness of j!j
∗ and i∗i
∗ for the standard t-structures, we can always restrict to a non-empty
open set of U and argue by noetherian induction. We can then assume Ured to be normal (since
S is assumed japanese), and then write L as a direct factor of h!QT for h : T → U finite e´tale
using Lemma A.2. Applying again the commutation of R with h! and the t-exactness of h! for the
standard t-structures, we conclude that R(Σ∞LQ) is in the heart.
In the case of Σ∞GQ[−1], our claim follows from the computation of the realisation of such a
motive in [AHPL16, Proposition 5.1.(2)] (for RB) and [AHPL16, 5.2] (for Rℓ). This completes the
proof.
Remark 4.16. The t-exactness of pullbacks by arbitrary morphisms and of realisation functors has
been proven in [Pep17].
There are simple connections between the t-structures for 0 and 1-motives.
Proposition 4.17. Let S be a noetherian finite-dimensional excellent scheme.
(i) The inclusion of DA0(S) into DA1(S) is t-exact.
(ii) The t-structure tMM,1(S) restricts to DA0(S), and its restriction coincide with tMM,0(S).
Proof. Let us prove Statement (i). The inclusion functor commutes with small sums. The genera-
tors e♯Q (e : U → S e´tale) of t0MM are also t-positive for tMM,1; this implies that the inclusion is
t-positive.
Let us now show the inclusion DA1(S) is t-negative. Let N ∈ DA
0(S)≤0. We have to show
that for every e´tale morphism e : U → S, M = [L → G] ∈ M1(U), and n ∈ N
∗, we have
DA(S)(e♯(Σ
∞M)[n], N) = 0. Using the e♯ ⊣ e∗ adjunction and the fact that e∗ is t-negative
(Proposition 4.14 (iii)), we reduce to the case e = id. We have a distinguished triangle
Σ∞GQ[−1]→ Σ
∞M→ Σ∞LQ
+
→ .
Let us first show that, for all P ∈ DA0(S), we have DA(S)(Σ∞GQ, P ) = 0. Because Σ∞G
is compact, this vanishing statement can be checked on compact generators, so that we can
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assume that P is of the form a∗QX [m] for some a : X → S finite and m ∈ Z. Using the
a∗ ⊣ a∗ adjunction and Proposition 2.6, we see that we can assume a = id, so we have to
show that DA(S)(Σ∞GQ,Q[m]) = 0. By [AHPL16, Theorem 3.3], Σ
∞GQ is a direct factor of
MS(G), characterised as the n-eigenspace for the morphism induced by [n]G for any n 6= 1, and
that MS(G) has also a direct factor QS , characterised as the 1-th eigenspace for [n]G. We have
DA(S)(MS(G),Q[m]) ≃ H
m,0
M (G); since π : G→ S is smooth surjective with connected fibres, we
deduce by Proposition B.5 (iv) that π∗ : Hm,0M (S)→ H
m,0
M (G) is an isomorphism. Looking at the
action of [n]G, this shows that all the weight 0 motivic cohomology of G comes from the direct
factor QS of MS(G), and accordingly we deduce that DA(S)(Σ
∞GQ,Q[m]) = 0 as claimed. This
shows that DA(S)(Σ∞M[n], N) ≃ DA(S)(Σ∞LQ[n], N).
On the other hand, the motive Σ∞L(−1) is in DA0(S) and tMM,0-positive; this would be
clear for S normal since L is then a direct factor of a permutation lattice, in general this can be
checked by noetherian induction starting from a non-empty open set V ⊂ U with Vred normal
(possible since U is excellent), using localisation, Proposition 2.6 and Proposition 4.14. Since by
hypothetis N is tMM,0-negative, we have DA(S)(Σ
∞LQ[n], N) = 0. This completes the proof that
DA0(S)→ DA1(S) is t-negative, hence t-exact.
We now prove Statement (ii). Write 0τ≥0 and 1τ≥0 for the truncation functors of tMM,0
and tMM,1. We have to show that for every M ∈ DA0(S), we have 1τ≥0M ∈ DA0(S) and
1τ≥0M ≃ 0τ≥0M . But this follows immediately from the t-exactness of the inclusion, proved
above.
Remark 4.18. It is also likely that Proposition 4.17 holds for t1
MM
(S); this seems to require more
delicate vanishing results.
4.3 The t-structures over a field
In this short section, we compare our t-structures for homological 0 and 1-motives with the existing
work on t-structures for DMeff0 (k) and DM
eff
1 (k) with k a perfect field [Org04] [Ayo11], and we
extend the results from these references to a possibly imperfect field.
For clarity, let us treat first the simpler case of 0-motives. Let k be a perfect field. We
reformulate the treatement in [Org04, §2]. There is a functor She´t(k,Q)→ DM
eff(k) (any sheaf of
Q-vector spaces on the small e´tale site has a canonical extension as an e´tale sheaf with transfers on
Sm/k) which extends to a triangulated functorD(She´t(k,Q))→ DM
eff(k,Q). This factors through
DMeff0 (k), and the resulting functor is an equivalence of categoriesR
eff,0
tr : D(She´t(k)) ≃ DM
eff
0 (k).
Another approach consists in first introducing the homotopy t-structure onDMeff(k); this is the
t-structure induced onDMeff(k) from the standard t-structure onD(Sh((Cor/k)e´t,Q)), but for our
purposes it is best described as the t-structure on the triangulated category DMeff(k) compactly
generated by the family of objects of the formM eff,trk (X) for allX ∈ Sm/k [Ayo11, Proposition 3.3].
We claim that the homotopy t-structure restricts to DMeff0 (k), and that the restriction coincides
with the t-structure generated by the family of objects of the form M eff,trk (Y ) for all Y/k finite
e´tale. To do this, it suffices to show that the inclusion functor DMeff0 (k)→ DM
eff(k) is t-exact for
those two t-structures; it is t-positive because of the inclusion of generators, and t-negative because
its left adjoint Lπ0 is t-positive since Lπ0((M
eff,tr
k (X)) ≃M
eff,tr
k (π0(X/k)) for any X/k smooth.
It is easy to see that the t-structures on DMeff0 (k) introduced in the two previous paragraphs
coincide. Moreover, through the equivalence of categories of Lemma 3.12, we get an equivalence
of categories R0 : D(She´t(k,Q)) → DA0(k), and this is a t-exact equivalence of triangulated
categories when we equip DA0(k) with tMM,0.
Finally, these t-structures onDMeff0 (k) andDA0(k) restrict to compact objects; more precisely,
there are equivalences of categories Db(She´t,c(k,Q)) ≃ DM
eff
0,c(k) ≃ DA0,c(k) and the restriction
of the t-structure coincides with the standard t-structure on the bounded derived category.
Let now k be a general field and let h : Spec(kperf)→ Spec(k) be a perfect closure. We have
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a commutative diagram
D(She´t(k))
R0
//
∼h∗

DA0(k)
∼h∗

D(She´t(k
perf))
R0
∼ // DA0(k
perf)
where the bottom horizontal functor is an equivalence by the case of a perfect field, the left
vertical functor is an equivalence because the e´tale sites of k and kperf are canonically isomorphic
via h, and the right vertical functor is an equivalence by the separation property of DA(−) and
Corollary 1.19 (ii). Moreover, the functor h∗ : D(She´t(k))→ D(She´t(kperf)) is clearly t-exact, the
functor h∗ : DA0(k)→ DA0(kperf) is t-exact because it is a quasi-inverse of the t-exact functor h∗
(Proposition 4.14 (iv)), and R0 : D(She´t(k
perf))→ DA0(k
perf) is t-exact by the perfect field case.
This proves that the top arrow is also a t-exact equivalence of triangulated categories. There is a
similar diagram in the compact case which we will not spell out. Let us summarise the results so
far.
Proposition 4.19. Let k be a field. The t-structure tMM,0 restricts to compact objects, and we
have equivalences of t-categories
R0 : (D(She´t(k,Q)), std)
∼
−→ (DA0(k), tMM,0)
R0 : (Db(She´t,c(k,Q)), std)
∼
−→ (DA0,c(k), tMM,0).
We now turn to the case of 1-motives. Assume again momentarily that k is a perfect field.
By [BVK16, Lemma 1.4.4], for any commutative locally of finite type k-group scheme G, the sheaf
represented by G on Sm/k has a canonical structure of e´tale sheaf with transfers. Write Gtr for
this sheaf with transfers, with otrGtr ≃ G.
Applying this construction at the level of complexes, Orgogozo defines in [Org04, 3.3.2] a functor
which we will denote by
Reff,tr1 :M1(k)→ DM
eff
c (k).
The categoryM1(k) is in this situation an abelian category [Org04, Lemme 3.2.2] and this functor
can in fact be extended to a functor
Reff,tr1 : D
b(M1(k))→ DM
eff
c (k).
This functor factors through DMeff1,c(k) (denoted as d1DM
eff
gm(k) in loc. cit.) and the resulting
functor is then an equivalence of categories [Org04, Theorem 3.4.1]. In particular, this provides a
t-structure on DMeff1,c(k), which we will denote by t
Or
1 (k). By the equivalence between DM
eff
1,c(k)
and DA1,c(k), we get a t-structure on DA1,c(k) which we also denote by t
Or
1 (k). Moreover, by
comparing Reff,tr1 with Σ
∞, we get that the functor
Σ∞ : Db(M1(k))→ DA1,c(k)
is an equivalence of t-categories. By [Org04, Proposition 3.3.3] and [Org04, Proposition 3.2.4], we
have the following computation of morphisms groups in DA1,c(k).
Proposition 4.20. Let k be a field, M1,M2 ∈M1(k) and n ∈ Z. Then
DA(k)(Σ∞M1,Σ
∞M2[n]) ≃ Ext
n
M1(k)(M1,M2)
≃ 0, n 6= 0, 1.
We can now show the following basic result.
Proposition 4.21. Let k be a field and kperf a perfect closure. The t-structure tMM,1 restricts to
compact objects, and we have an equivalence of t-categories
Σ∞ : (Db(M1(k
perf)), std) −→ (DA1,c(k), tMM,1).
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Proof. We first assume that k is perfect. Let us show that the t-structure tMM,1(k) on DA1(k)
restricts to DA1,c(k), and that its restriction is t
Or
1 (k). For this, it is enough to show that if
M ∈ DA1,c(k) is tOr1 (k)-positive (resp. negative), it is tMM,1(k)-positive (resp. negative). Using
the equivalence Σ∞, it is clearly enough to show this for M = Σ∞(M) with M ∈ M1(k). By
construction of tMM,1(k) = t(Σ
∞(M1(k))), we see that M is tMM,1(k)-positive. It remains to
show that M is tMM,1(k)-negative, i.e., that for all N ∈M1(k) and k > 0, we have
DA(k)(Σ∞N[k],Σ∞M) = 0.
This is a special case of Proposition 4.20.
Let now k be a general field and h : Spec(kperf)→ Spec(k) be a perfect closure. The functor
h∗ : (DA1(k), tMM,1) → (DA1(k
perf), tMM,1) is an equivalence of t-categories by the separation
property of DA(−), Corollary 1.19 (ii), and Proposition 4.14 (iv). It then follows from the perfect
case above that tMM,1(k) restricts to compact objects.
4.4 Deligne 1-motives and the heart
In this section, we compute certain morphism groups between objects in DA1(S) and DA
1(S) and
deduce various properties of the motivic t-structure.
The following theorem shows the advantage of the Deligne generating family: it lies in the heart
of the motivic t-structure.
Theorem 4.22. Let S be a noetherian finite-dimensional excellent scheme. We have DGS ⊂
MM1(S) (resp. DGS(−1) ⊂MM
1(S)).
Proof. The generators DGS (resp. DGS(−1)) are t-positive by definition, it remains to show that
they are t-negative.
Using the generating family JGS (Corollary 4.11), this translates into the following vanishing
statement. Let S be a noetherian finite-dimensional scheme. Let e : U → S be an e´tale morphism,
and N = e♯Σ
∞K ⊗ Q be a Jacobian generator. Let P = f!Σ
∞M ∈ DGS (i.e., f : V → S e´tale,
M ∈ M1(V )). Then we show, for all n < 0, that
DA(S)(N,P [n]) = 0 (Vn(P ))
In the resp. case, M is a successive extension of pure Deligne 1-motives, so that we can assume
that M is pure.
By the (e♯, e
∗) adjunction and Proposition 2.6, we can assume that e = id. By localisation
and Proposition 2.6, we can assume that S is reduced. By Zariski’s main theorem, there exists
a factorisation f = f¯ ◦ j with f¯ : V → S finite and j : V → V an everywhere dense open
immersion; we can assume V is reduced as well. Combining this with the (f¯∗, f¯∗) adjunction, and
Proposition 2.6, we see that we can assume f = j is an everywhere dense open immersion. We
write i : Z → S for the complementary reduced closed immersion.
We want to prove (Vn(P )) by induction on the dimension of S. In each case, to treat the case of
dim(S) = 0, we reduce immediately to the case of Spec(k) for k a field and apply Proposition 4.20.
We are thus left with the induction step.
First, we do a general reduction. Let l : W → S an everywhere dense open immersion with
W ⊂ V and k : Y → S the complementary reduced closed immersion. Then by localisation we
have exact sequences
DA(S)(N, l!l
∗P [n])→ DA(S)(N,P [n])→ DA(N, k∗k
∗P [n])
and in both cases the right term vanishes for n < 0 by adjunction and the induction hypothesis
(since dim(Z) < dim(S)). This means we can replace P with
l!l
∗P ≃ l!l
∗j!Σ
∞M ≃ (W → S)!(W → V )
∗Σ∞M ≃ (W → S)!Σ
∞MW
where we have used the Ex∗! isomorphism and Corollary 2.7. In other words, we can replace the
dense open subscheme V by any smaller dense open W .
68
There are three types of Deligne generators and three types of Jacobian generators, which lead
to a distinction in nine cases. To lighten the notation, we index them by weights: for instance, the
case where M = [L→ 0] and K = Gm will be labelled (0,−2).
Cases (0, ∗):
Let M be [L→ 0]⊗Q with L a lattice on V .
Replacing V by a smaller open, we can assume V to be normal (since V is reduced and excellent).
This allows us by Lemma A.2 to write Σ∞M as a direct factor of e∗Q for a finite e´tale morphism
e : T → V . Applying Zariski’s main theorem to the morphism j ◦ e : T → S and adjunction,
we reduce to the case P = QV . The motive P then extends to a motive on S, namely QS . By
localisation, we have an exact sequence
DA(S)(N, i∗Q[n− 1])→ DA(S)(N, j!Q[n])→ DA(S)(N,Q[n])
and the left term vanishes for n < 0 by adjunction and induction on the dimension. This means
we can assume V = S.
If we are in case (0, 0) (resp. (0,−2)), then we have N = QS (resp. N = QS(1)). By adjunction
and Proposition B.5 (i) (resp. Proposition B.2 ), we get DA(S)(N,Q[n]) = 0 for n < 0.
It remains to treat the case (0,−1). Let C → S be a smooth projective with geometrically
connected fibres and a section σ. We have N = Σ∞ Jac(C/S)Q[−1], which by Corollary 3.20 is a
direct factor of MS(C)[−1]. By adjunction, we thus have that DA(S)(N,QS [n]) is a direct factor
of DA(C)(QC ,QC [n + 1]). For n < −1, this group vanishes by Proposition B.5(i). For n = 0,
we apply Proposition B.5 (ii) and get Qπ0(S) ≃ DA(S)(QS ,QS) → DA(C)(QC ,QC) ≃ Qπ0(C).
The map on π0 is an isomorphism since C has geometrically connected fibres. This shows that
the constribution of the direct factor Σ∞ Jac(C/S)Q[−1] is 0, and proves the case n = −1. This
finishes the treatment of the cases (0, ∗).
Cases (−2, ∗):
Let now M be of the form [0→ T ]⊗ Q with T a torus on V . As in the proof for a lattice, we
can replace the dense open V by a smaller dense open normal subscheme, thus to a permutation
torus using Lemma A.2, then finally to T = Gm. Then Σ
∞M ≃ QV (1) extends to a motive on S,
namely QS(1). By localisation, we have an exact sequence
DA(S)(N, i∗Q(1)[n− 1])→ DA(S)(N, j!Q(1)[n])→ DA(S)(N,Q(1)[n])
and the left term vanishes for n < 0 by adjunction and induction. This means we can assume
V = S.
If we are in case (0, 0) (resp. (0,−2)), then we have N = QS (resp. N = QS(1)). By adjunction
and Proposition B.6 (i) (resp. Proposition B.5 (i)), we get DA(S)(N,Q(1)[n]) = 0 for n < 0.
It remains to treat the case (0,−1). Let C → S be a smooth projective with geometrically
connected fibres and a section σ. We have N = Σ∞ Jac(C/S)Q[−1], which by Corollary 3.20 is
a direct factor of MS(C)[−1]. By adjunction, we thus have that DA(S)(N,QS(1)[n]) is a direct
factor of DA(C)(QC ,QC(1)[n+ 1]). For all n < 0, this group vanishes by Proposition B.6(i).
Cases (−1, ∗):
LetM finally be of the form [0→ A]⊗Q with A an abelian scheme on V . As in the two previous
cases, we can replace the dense open V by any smaller dense open. Using [Kat99, Theorem 11]
and continuity, this lets us assume that there exists a smooth projective curve f : D → V with
geometrically connected fibres together with a section s : V → D such that the Σ∞[0 → A] is a
direct factor of Σ∞[0→ Jac(D/V )]. In the following, we replace A by Jac(D/V ).
Unlike in the two previous cases, we cannot ensure that the curve D extends to a smooth pro-
jective curve over S, so we have to work around this. From Corollary 3.20, we have an isomorphism
f♯QD ≃ QV ⊕ Σ∞ Jac(D/V )Q ⊕QV (1)[2]; hence Σ∞M ≃ Σ∞ Jac(D/V )Q[−1] is a direct factor of
f♯QD[−1]. By relative purity, we have f♯QD[−1] ≃ f!QD(1)[1].
We apply Nagata’s theorem [Nag63] [Con07] to compactify f over S: there exists an open
immersion ¯ : D → D and a proper morphism f¯ : D → S with j ◦ f = f¯ ◦ ¯. Write ı¯ : Y → D
for the complementary closed immersion; note that because f was proper over V , we can choose
the compactification D so that Y lies entirely over Z, and we have a commutative diagram with
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cartesian squares.
D
f

¯
// D
f¯

Y
ı¯
oo

V
j
// S Z
i
oo
This implies that j!f! ≃ f¯!¯! ≃ f¯∗¯!; hence j!f!QD(1)[1] ≃ f¯∗¯!QD(1)[1]. The motive ¯!QD(1)[1]
extends to a motive on D, namely QD(1)[1]. By localisation, we have an exact sequence
DA(D)(f¯∗N, ı¯∗Q(1)[n]) // DA(D)(f¯
∗N, ¯!Q(1)[n+ 1]) // DA(D)(f¯
∗N,Q(1)[n+ 1])

DA(D)(f¯∗N, ı¯∗Q(1)[n+ 1])
The left term is isomorphic to DA(Y )((f¯ ı¯)∗N,Q(1)[n]). Since (f¯ ı¯)∗N is a Jacobian generator on
Y , the vanishing of this group for n < 0 was proved in Case (−2, ∗). Similarly, for n < −1, the
right term vanishes by Cases (−2, ∗). We can thus assume n = −1 in the end of the proof, so that
we are looking at the exact sequence
0→ DA(D)(f¯∗N, ¯!Q(1))→ DA(D)(f¯
∗N,Q(1))→ DA(D)(f¯∗N, ı¯∗Q(1))
and we need to show that the direct factor of leftmost term corresponding to the direct factor
Σ∞ Jac(D/V )Q[−1] of f♯QD[−1] vanishes. In fact, in cases (−1, 0) and (−1, 1), the whole of the
leftmost term vanishes, as we’ll see below.
If we are in case (−1, 0), we have N = QS, hence f¯∗N = QD, and the group DA(D)(Q,Q(1))
vanishes by Proposition B.6(i). This concludes the proof for (−1, 0).
If we are in case (−1,−1), we have N = Σ∞ Jac(C/S)⊗Q[−1] with C → S a smooth projective
with geometrically connected fibres and a section σ. Hence f¯∗N ≃ Σ∞ Jac(C ×S D/D)⊗Q[−1]).
The morphism group DA(D)(Σ∞ Jac(C ×S D/D)⊗Q[−1],Q(1)) vanishes by Lemma 4.23 below;
this concludes the proof for (−1,−1).
If we are in case (−1, 2), we have N = QS(1), hence f¯∗N = QD(1). We have
Qπ0(D) ≃ DA(D)(QD(1),Q(1))→ DA(D)(QD(1), ı¯∗Q(1)) ≃ Q
π0(Y )
by Proposition B.5 (ii), hence
DA(D)(f¯∗N, ¯!Q(1)) ≃ Ker(Q
π0(D) → Qπ0(Y )).
On the other hand, we have, by the same argument
DA(S)(N, j!Q(1)) ≃ Ker(Q
π0(S) → Qπ0(Z)).
Since Y ≃ D ×S Z, we have π0(Y ) ≃ π0(D) ×π0(S) π0(Z) (in fact, since S is normal and f has
geometrically connected fibers, Zariski’s connectedness theorem implies that f¯ has geometrically
connected fibers and π0(D) ≃ π0(S), but we do not need this). This implies that the map
DA(D)(f¯∗N, ¯!Q(1))→ DA(S)(N, j!Q(1))
is an isomorphism. By looking at the direct factor decomposition of f♯QD, we conclude that
DA(S)(N, j!Σ
∞ Jac(D/V )Q[−2]) = 0
which finishes the proof of the case (−1,−2).
Lemma 4.23. Let S be a noetherian finite-dimensional scheme. Let A be an abelian scheme and
T be a torus. Let n ≤ 0. Then
DA(S)(Σ∞A⊗Q,Σ∞(T ⊗Q)[n]) = 0
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Proof. Let π• : S• → S be a h-hypercovering. Write Ap (resp. Tp) for A ×S Sp (resp. T ×S Sp).
We have a descent spectral sequence
Ep,q1 = DA(Sp)(Σ
∞Ap ⊗Q,Σ
∞Tp ⊗Q[q])⇒ DA(S)(Σ
∞A⊗Q,Σ∞T ⊗Q[p+ q]).
Let θ : A → S be the structure morphism of A. The motive Σ∞A ⊗ Q is a direct factor of θ♯QA,
functorially in S. We see that
DA(Sp)(Σ
∞Ap ⊗Q,Σ
∞(Tp ⊗Q)[n])
is a direct factor of
DA(ASp)(QAp ,Σ
∞(Tp ×Sp Ap)⊗Q[n]).
We apply the previous spectral sequence for π• the Cech covering associated to an e´tale covering
trivializing T ; since DA(ASp)(QAp ,Q(1)[1][n]) vanishes for n < 0 by Proposition B.6 (i), the
corresponding spectral sequence converges and we have DA(S)(Σ∞A ⊗ Q,Σ∞T ⊗ Q[n]) = 0 for
n < 0.
It remains to treat the case n = 0 with T = Gm. We apply the previous spectral sequence
for π• the Cech covering associated to an affine Zariski cover of S; by the previous paragraph,
this spectral sequence converges, so that we are reduced to the case when S = Spec(R) is affine.
By a continuity argument, we reduce to the case where R is of finite type of a Dedekind ring, in
particular satisfying resolution of singularities by alterations. Then S admits an h-hypercovering
π : S• → S with regular terms. By the descent spectral sequence, which again converges by the
previous paragraph, it is then enough to show the result for S regular, n = 0 and T = Gm.
Again, we write Σ∞A ⊗ Q as a direct factor of θ♯QA. Since S and A are regular, Proposi-
tion B.6 (ii) implies that
DA(S)(Q,Q(1)[1]) ≃ O×(S)⊗Q
and
DA(A)(Q,Q(1)[1]) ≃ O×(A)⊗Q.
Since the induced morphism θ is proper with geometrically connected fibres, the map O×(S)⊗Q→
O×(A) ⊗Q is an isomorphism. This implies that
DA(S)(Σ∞A⊗Q,Q(1)[1]) = 0
and concludes the proof.
Corollary 4.24. Let S be a noetherian finite-dimensional excellent scheme. Let G be a smooth
commutative group scheme with connected fibres. Then the motive Σ∞GQ[−1] lies in MM1(S).
Proof. By noetherian induction and localisation, we can assume that S is reduced and it is enough
to show that there exists j : U → S a dense open immersion such that j!Σ
∞GU [−1] is inMM1(S).
We can also assume S to be irreducible; let η be its generic point and h : ηperf → η a perfect
closure. Then Gη¯ is a smooth commutative connected algebraic group over a perfect field, hence
there exists an exact sequence
0→ U → Gηperf → H → 0
with U unipotent connected and H a semi-abelian variety. Since ηperf is perfect, the motive
Σ∞U⊗Q is trivial (apply [AEWH15, Lemma 7.4.5] to a composition series of U), thus the morphism
h∗Σ∞GQ ≃ Σ∞Gη¯,Q → Σ∞HQ is an isomorphism.
By Lemma 4.25, there is an abelian variety H ′ over η such that
Σ∞(H ′ηperf ⊗Q) ≃ Σ
∞(H ⊗Q).
Appplying the separation property of DA(−), we get an isomorphism Σ∞Gη,Q ≃ Σ∞H ′Q. By
continuity, we can arrange for such an isomorphism to hold over a dense open set U of S. We then
have j!Σ
∞GU,Q[−1] ≃ j!Σ∞H ′Q[−1] and this last motive is in MM1(S) by Theorem 4.22.
Lemma 4.25. Let l/k be a purely inseparable field extension, and H a semi-abelian variety over
l. Then there exists a semi-abelian variety H ′ over k such that Σ∞((H ′l) ⊗ Q) ≃ Σ
∞(H ⊗ Q) in
DA(l).
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Proof. We can clearly assume char(k) = p > 0. By [Bri17, Lemma 3.10], there exists a (smooth)
commutative algebraic group G′ over k and an epimorphism f : H → G′l such that Ker(f) is
infinitesimal (in particular, killed by a power of p). By [Bri17, Corollary 2.13], which applies over
any field of positive characteristic, there exists an epimorphism of commutative algebraic k-groups
g : G′ → H ′ × U ′ with H ′ semi-abelian, U ′ split unipotent and Ker(g) finite (in particular, killed
after tensoring by Q). We deduce that
H ⊗Q ≃ (H ′ ×k U
′)l ⊗Q.
But the motive Σ∞U ′l ⊗Q is trivial since U
′ is split unipotent (apply [AEWH15, Lemma 7.4.5] to
a composition series). We deduce that
Σ∞(H ⊗Q) ≃ Σ∞(H ′l ⊗Q).
In the course of the proof of Theorem 4.22 (in the lattice case), we also established the vanishing
statements necessary to prove the following lemma.
Lemma 4.26. Let S be a noetherian finite-dimensional scheme. Let e : U → S be an e´tale
morphism. Then e♯Q ∈MM0(S).
Using the same strategy as in the proof of the abelian scheme case (reduction to Jacobian,
extension of the curve), one can also prove the following related vanishing result.
Proposition 4.27. Let S be a noetherian finite-dimensional scheme. Let e : U → S be an e´tale
morphism and A/U be an abelian scheme. Then for all n ∈ Z, we have
DA(S)(Q, e♯Σ
∞A(−1)[n]) = 0.
We deduce an additional compatibility relation between the motivic t-structures on 0 and 1-
motives.
Corollary 4.28. Let S be a noetherian finite-dimensional excellent scheme. The functor
ω0 : (DA1(S), t1MM)→ (DA
0(S), t0MM)
is t-exact.
Proof. The functor ω0 : DA1(S)→ DA0(S), defined as the restriction of ω0 toDA1(S), is the right
adjoint to the inclusion DA0(S)→ DA1(S). This inclusion is t-positive by looking at generators,
which implies that its right adjoint ω0 is t-negative.
It remains to show ω0 is t-positive. By Lemma 3.5, ω0 commutes with small sums. It is thus
enough to show that a family of compact generators of DA1(S) is sent to t-positive objects. By
Proposition 4.9, DA1(S) is compactly generated by DGS(−1). Let e : U → S be an e´tale morphism
and M = [L → G] ∈ M1(U), and let e♯(Σ∞M)(−1) ∈ DGS(−1). We also write A (resp. T ) for
the abelian (resp. torus) part of G. We have to be careful because ω0 and e♯ ≃ e! do not commute
in general and we cannot apply directly Proposition 3.10 (iii). However, we have distinguished
triangles
e♯Σ
∞T (−1)→ e♯Σ
∞M(−1)→ e♯Σ
∞W≥−1M(−1)
+
→
and
e♯Σ
∞A(−1)→ e♯Σ
∞W≥−1M(−1)→ e♯Σ
∞L(−1)
+
→ .
The motive (e♯Σ
∞L)(−1) is in DA0(S)(−1), which by Corollary 3.9 (iii) implies that its ω0 van-
ishes. We will show that we have ω0(e♯Σ
∞A(−1)) ≃ 0. Using the generating family of DA0(S), we
have to show that, for all f :W → S e´tale and all n ∈ Z, we have DA(S)(f♯Q[−n], e♯Σ∞A(−1)) =
0. By adjunction, the Ex∗♯ isomorphism and Proposition 2.6, we can assume f = id and apply
Proposition 4.27.
All together, this means that ω0(e♯Σ
∞M(−1)) ≃ ω0(e♯Σ∞T (−1)) ≃ e♯Σ∞X∗(T ) (Proposi-
tion 3.10 (ii)) which is t-positive for tMM,0(S). This completes the proof.
72
Notice that at this point we do not know if the motivic t-structures restricts to compact objects.
A weaker result in that direction is the following result.
Corollary 4.29. Let S be a noetherian finite-dimensional excellent scheme. Any compact object
in either DA0(S), DA
1(S) or DA1(S) is bounded for the motivic t-structure, i.e., it has only
finitely many non-zero homology objects.
Proof. The argument is the same for the three categories, let us explain it for DA1(S). Let
M ∈ DA1,c(S). Since DA1,c(S) = 〈DGS〉, the motive M is obtained by a finite number of steps
from objects of DGS by by taking cones of morphisms, shifts and direct factors. Since DGS lies in
the heart (Theorem 4.22), this implies immediately that M is bounded.
The proof of the following result is also very similar to the proof of Theorem 4.22, hence we
include it here.
Proposition 4.30. Let S be a noetherian finite-dimensional excellent scheme. The t-structures
tMM,0(S), tMM,1(S) and t
1
MM
(S) are non-degenerate.
Proof. Since t1
MM
= tMM,1(−1), it is enough to treat the cases of tMM,0 and tMM,1. These t-
structures are defined as generated t-structures. By [Ayo07b, Proposition 2.1.73], to show that
a t-structure of the form t(G) on a triangulated category T for a family of compact objects G is
non-degenerate, it is enough to check that T = ⟪G⟫ and that for A ∈ G, there exists an integer
dA ≥ 0 such that for all B ∈ G, Hom(A,B[n]) = 0 for n ≥ dA.
Let us check these conditions for tMM,0, using the generating family G0 = {e♯Q|e : U →
S e´tale}. By definition, we have DA0(S) = ⟪G0⟫. Let e : U → S and h : V → S be e´tale
morphisms. We will prove that
∀n > dim(S), DA(S)(e♯Q, h♯Q[n]) = 0.
By the (e♯, e
∗) adjunction, we can assume e = id. Using Zariski’s main theorem, we compactify
h into h = h¯ ◦ j with j : V → V a dense open immersion and h¯ : V → S a finite morphism.
Using the (h¯∗, h¯∗) adjunction, we see that we can assume h = j a dense open immersion. Notice
that through these reductions, the dimension of the base does not increase. Write i : Z → S for
the complementary closed immersion to j. We have dim(Z) ≤ dim(S) − 1. By localisation and
adjunction, we have an exact sequence
DA(Z)(Q,Q[n− 1])→ DA(S)(Q, j!Q[n])→ DA(S)(Q,Q[n])
The two outer group vanish because of Proposition B.3 (noticing that n−1 > dim(S)−1 ≥ dim(Z)),
and this completes the proof that tMM,0 is non-degenerate.
We now look at the case of tMM,1. Again by [Ayo07b, Proposition 2.1.73] applied to the
generating family JGS , it suffices to prove that
∀M,N ∈ JGS , ∀n > dim(S) + 4, DA(S)(M,N [n]) = 0.
Let us first concentrate on M . We have an e´tale morphism e : U → S and M has the form
e♯Σ
∞(K ⊗ Q) with K one of Z, Gm[−1] or Jac(C/U) with C a smooth projective curve with
geometrically connected fibres and a section. We have dim(U) ≤ dim(S), hence by adjunction
and Lemma 4.5, we can assume e = id. Then, using Proposition 2.5 and Corollary 3.20, in every
case, we can write M as a direct factor of the motive MS(C
′)[ǫ] with C′/S a smooth curve and
ǫ ∈ {0,−1}. By adjunction again, and taking into account that dim(C′) ≤ dim(S) + 1, we are
reduced to showing
∀N ∈ JGS , ∀n > dim(S) + 3, DA(S)(QS , N [n]) = 0.
We now go into the case distinction for N . Let p : V → S be an e´tale morphism. The motive N is
of one of the following forms: p♯Q, p♯Q(1) or p♯ Jac(X/V )[−1] for π : X → V a smooth projective
curve with geometrically connected fibres and a section. By Zariski’s main theorem, localisation
and adjunction, we can assume e = j is an open immersion (this does not change the dimension).
73
In the first two cases, we apply the same argument as for tMM,0: by localisation, we can assume
p = id and then apply Proposition B.3. Let us focus on the Jacobian case. We write Jac(X/V )[−1]
as direct factor of MS(X)[−1] by Corollary 3.20, then compactify j ◦ π = π¯ ◦ ¯ with ¯ : X → X
dense open immersion and π¯ : X → S a proper morphism using Zariski’s main theorem. Writing
ı¯ : Z → X for the complementary closed immersion to ¯ and using localisation and relative purity,
we have an exact sequence
DA(Z)(QZ ,Q(1)Z [n])→ DA(S)(QS , j♯MS(X)[−1])→ DA(X)(QX ,QX(1)[n+ 1]).
We have dim(Z), dim(X) ≤ dim(S) + 1, hence the two outer groups vanish for n > dim(S) + 3 by
Proposition B.3. This completes the proof that tMM,1 is non-degenerate.
Finally, we compute more precisely the morphisms between Deligne 1-motives over a regular
base.
Theorem 4.31. Let S be a regular excellent scheme, M1,M2 ∈ M1(S) and n ∈ Z. Then
DA(S)(Σ∞M1,Σ
∞M2[n]) ≃


0, n < 0
M1(S)(M1,M2), n = 0
0, n ≥ 3.
In particular, the functor Σ∞ :M1(S)→MM1(S) is fully faithful.
Proof. By considering the connected components, we reduce to the case where S is irreducible. The
idea of the proof is that in the range we are considering, i.e., for n 6= 1, 2, everything happens at
the generic point η of S. Let j : U → S be an open immersion with U 6= ∅. The restriction functor
j∗ : M1(S) →M1(U) is fully faithful by Proposition A.11. Moreover the category M1(η) is the
2-colimit of the M1(U) for U running through all non-empty open sets of S by Proposition A.10.
This implies that M1(S)(M1,M2) ≃M1(η)(η∗M1, η∗M2).
On the DA(−) side, by continuity and Proposition 2.6, we have that
DA(η)(η∗Σ∞M1, η
∗Σ∞M2[n]) ≃ ColimU 6=∅DA(U)(j
∗Σ∞M1, j
∗Σ∞M2[n]).
Furthermore, by Proposition 4.20, we have an isomorphism
DA(η)(Σ∞η∗M1,Σ
∞η∗M2[n]) ≃ Ext
n
M1(η)(M1,M2)
n6=0,1
≃ 0.
Putting everything together, we see that the statement of the proposition follows from the claim
that j∗ : DA(S)(Σ∞M1,Σ
∞M2[n]) → DA(U)(j∗Σ∞M1, j∗Σ∞M2[n]) is bijective for n 6= 1, 2.
Write i : Z → S for the reduced complementary closed immersion of U in S. Consider the
localisation exact sequence
. . . // DA(Z)(i∗Σ∞M1, i
!Σ∞M2[n]) // DA(S)(Σ
∞M1,Σ
∞M2[n])
j∗

. . . DA(Z)(i∗Σ∞M1, i
!Σ∞M2[n+ 1])oo DA(U)(j
∗Σ∞M1, j
∗Σ∞M2[n])oo
We have to prove the vanishing of DA(Z)(i∗Σ∞M1, i
!Σ∞M2[n+1]) for n 6= 2. By Proposition 2.7,
we have i∗Σ∞M1 ≃ Σ∞M1,Z . Using that any closed subscheme of S is excellent and reduced and
thus has a non-empty open regular locus, we can stratify Z by regular constructible subschemes and
applying further localisations, we can reduce to the case where Z is also regular of some codimension
1+e with e ≥ 0. By absolute purity in the form of Proposition 1.7, which applies by Corollary 2.19,
we then have i!Σ∞M2[n+ 1] ≃ i∗Σ∞M2(−1 − e)[n− 1 − 2e] ≃ Σ∞M2,Z(−1− e)[n− 1− 2e]. We
know, again from Corollary 2.19, that the motive Σ∞M1,Z(−1) lies in DA
1(S), hence we have an
isomorphism
DA(Z)(Σ∞M1,Z ,Σ
∞M2,Z(−1− e)[n− 1− 2e])
≃ DA(Z)(Σ∞M1,Z(−1), ω
1(Σ∞M2,Z(−2− e)[n− 1− 2e])).
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The motive Σ∞M2,Z(−1) is cohomological, so by Corollary 3.9 the group on the right hand side
vanishes unless e = 0. If e = 0, we have further ω1(Σ∞M2,Z(−1)(−1)) ≃ ω
0(Σ∞M2,Z(−1))(−1).
This motive was computed in Proposition 3.10 (iii) and we get
ω0(Σ∞M2,Z(−1))(−1) ≃ Σ
∞X∗(W−2M2,Z)(−1).
To sum up, we are reduced to showing that for S regular, M ∈ M1(S) and L lattice over S,
the morphism group DA(S)(Σ∞M,Σ∞LQ[n − 1]) is 0 for n 6= 2. Since S is normal, the motive
Σ∞LQ is a direct factor of e∗Q for e : T → S finite e´tale (Lemma A.2). By adjunction, we are then
reduced to the case L = Z. Write M = [N → G] with N a lattice and G a semi-abelian scheme.
We have a distinguished triangle
Σ∞[0→ G]→ Σ∞M→ Σ∞[N → 0]
+
→
which shows that we can treat separately the cases M = [N → 0] and M = [0→ G].
In the case M = [N → 0], we again write N as a direct factor of a permutation lattice, which
implies that Σ∞M is a direct factor of e′♯Q with e
′ : T ′ → S finite e´tale. By adjunction, we are then
reduced to a computation of weight zero motivic cohomology on a regular scheme, which vanishes
for n 6= 2 by Propositions B.2 and B.5.
In the second case, we have Σ∞M = Σ∞GQ[−1], which by [AHPL16, Theorem 3.3] is a direct
factor of MS(G). We are then done using the ((G → S)♯, (G → S)∗) adjunction and Proposi-
tions B.2 and B.5.
A Deligne 1-motives
We gather necessary results on Deligne 1-motives [Del74, §10] over general base schemes which
we could not find in the literature. Useful references besides Deligne’s original work are [Jos09],
[BVK16, Appendix C].
A.1 Definitions
Definition A.1. Let S be a scheme. We say that a commutative group scheme G/S is
(i) discrete if it is e´tale locally constant finitely generated.
(ii) a lattice if it is discrete and torsion free.
A lattice of the form f∗Z for f a finite e´tale morphism is called a permutation lattice.
Before we come to the definition of Deligne 1-motives, let us discuss a recurrent technical point
about lattices and tori over general schemes. In general, it is not the case that a discrete group
scheme is isotrivial in the e´tale topology. However, we have the following useful lemma.
Lemma A.2. Let S be a locally noetherian, geometrically unibranch scheme. Let L be a lattice
over S (resp. T be a torus over S).
(i) L (resp. T ) is isotrivial, i.e., it becomes split after passing to a finite e´tale cover of S.
(ii) The sheaf L ⊗ Q ∈ Sh(Sm/S) (resp. T ⊗ Q ∈ Sh(Sm/S) is a direct factor of the sheaf f∗Q
(resp. f∗(Gm ⊗Q)) for f : V → S a finite e´tale cover.
Proof. Point (i) for lattices follows from the discussion in [SGA70, Exp. X 6.2]. For tori, it is
precisely [SGA70, Exp. X The´ore`me 5.16].
We now prove Point (ii). Let L be a lattice over S. By (i), we can find a finite e´tale cover
g : V → S such that g∗L is split, say g∗L ≃ Zr. Because g is finite e´tale, L becomes a direct factor
of g∗g
∗L after inverting deg(f) by a transfer argument. We thus have that L⊗Q is a direct factor
of g∗g
∗L ⊗ Q ≃ g∗Qr. Write f : V
∐
r → for the coproduct of r copies of g. Then g∗Q
∐
r ≃ f∗Q.
This concludes the proof of (ii) for lattices. The case of tori follows by the same argument.
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Definition A.3. Let S be a scheme. A 2-term complex of commutative S-group schemes
M = [L −→ G]
is called a Deligne 1-motive over S if L is a lattice and G is a semi-abelian scheme. A morphism
of Deligne 1-motives is a morphism of complexes of group schemes, or equivalently a morphism
of complexes of the associated representable sheaves on (Sm/S)e´t. We denote by M1(S,Z) the
category of Deligne 1-motives. It is an additive category, with biproducts induced by fibre products
of S-group schemes.
A Deligne 1-motive M = [L→ G] comes with a 3-term functorial weight filtration, defined as
W−2M = [0 −→ T ]
W−1M = [0 −→ G]
W0M = M.
Notation A.4. Let f : [L → G] → [L′ → G′] be a morphism of Deligne 1-motives. We use the
notation fL, fG, fA, fT for the induced maps Gr
W
0 f : L→ L
′, W−1f : G→ G′, Gr
W
−1f : A→ A
′,
GrW−2f : T → T
′.
Definition A.5. Let f : S′ → S be any morphism of schemes. Then pullback of S-group schemes
along f induces an additive functor
f∗ :M1(S,Z)→M1(S
′,Z).
We are not so much interested in 1-motives per se but rather in the objects they define in the
derived category of sheaves with rational coefficients.
Lemma A.6. Any morphism in M1(S,Z) which induces a quasi-isomorphism of complexes of
abelian sheaves on (Sm/S)e´t is an isomorphism.
Proof. Let f = (fL, fG) : [L1 −→ G1] → [L2 −→ G2] be a quasi-isomorphism of complexes of
sheaves. By a diagram chase, this is equivalent to Ker(fL) ≃ Ker(fG) and Coker(fL) ≃ Coker(fG).
Since Ker(fL) is locally constant finitely generated free and Ker(fG) is a group scheme whose iden-
tity component is semi-abelian and with finite π0, they must be both trivial. Similarly, Coker(fL)
is discrete and Coker(fG) has connected fibres, so they must be both trivial. Hence f is an iso-
morphism.
We can consequently think of M1(S,Z) as a full subcategory of D(Cpl(Sh((Sm/S)e´t,Z))).
Definition A.7. Let S be a noetherian scheme. We write M1(S) for the idempotent completion
of the Q-linear category M1(S,Z) ⊗Q. We say that a morphism in M1(S) is integral if it comes
from M1(S,Z). For f : S′ → S morphism of schemes, we still write f∗ for the induced additive
functor M(S)→M(S′).
By the above, we can and do view M1(S) as a full subcategory of D(Cpl(Sh((Sm/S)e´t,Q))).
In practice, the idempotent completion in the definition does not affect anything that we do in this
paper, and we will allow ourselves statements of the form “Let M = [L→ G]⊗ Q be an object in
M1(S)” without spelling out the immediate reduction to that case. If k is a field, the category
M1(k,Z)⊗Q is idempotent complete since it is an abelian category [Org04, Lemme 3.2.2].
A.2 Continuity and smoothness
We think of Deligne 1-motives as ”1-motivic local systems” over the base S. The results in this
section, which have classical analogues for local systems and lisse ℓ-adic sheaves, justify in part
this intuition.
We start with a lemma about discrete group schemes.
Lemma A.8. Let S be a locally noetherian japanese scheme, η its scheme of generic points. Then
the category of discrete group schemes on η is the 2-colimit of the categories of discrete group
schemes on dense open subschemes of S. The same statement holds for the category of lattices.
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Proof. The statement is equivalent to the following results.
(i) For L/η discrete group scheme, there exists U ⊂ S dense open and L′/U discrete such that
L ≃ η∗L′. Moreover, if L is a lattice, one can choose L′ to be a lattice as well.
(ii) For U ⊂ S dense open, L,L′/U discrete, we have
Hom(η∗L, η∗L′) ≃ ColimV⊂U Hom((V → U)
∗L, (V → U)∗L′).
We first make some reductions which apply both to (i) and (ii). By the topologically invariance
of the e´tale site, we can assume S to be reduced. Since S is locally noetherian japanese and
reduced, the normal locus of S is open and non-empty [Gro65, Proposition 6.13.2]. So any small
enough open set U in S is normal, and in particular geometrically unibranch. By the discussion
in [SGA70, Exp. X 6.2], discrete group schemes on geometrically unibranch schemes are split by
finite e´tale covers. Moreover, for any small enough open set U , the set of connected components
(open by local noetherianness) of U and of η coincide. We can thus reduce to the case where η is
connected (i.e., S irreducible).
We prove (i). Since η itself is normal, there is a finite e´tale Galois cover η˜/η such that Lη˜ is
constant. In other words, L corresponds to a representation ρ of Gal(η˜/η) on a finitely generated
abelian group F . By [Gro66, The´ore`me 8.8.2, The´ore`me 8.10.5] and [Gro67, The´ore`me 17.7.8] there
exists a U ⊂ S dense open and U˜/U finite e´tale such that U˜ ×U η ≃ η˜. Up to shrinking U , one
can assume U to be normal. By [Gro66, The´ore`me 8.8.2] applied to the finite group Gal(η˜/η), up
to shrinking U one can assume that Aut(U˜/U) ≃ Gal(η˜/η) ( in particular U˜/U is Galois). Then
the representation of Gal(U˜/U) on F corresponding to ρ via this isomorphism defines a discrete
group scheme L′/U such that L ≃ η∗L′ as required. The addendum about lattices follows from
the construction, i.e., L′ is a lattice if L is.
We now prove (ii). Let U ⊂ S be a dense open subset, L,L′/U discrete group schemes. We can
shrink U and assume it is normal. Let U˜/U be a finite e´tale Galois covering trivializing L and L′.
We thus get two finitely generated abelian groups F, F ′ with representations ρ, ρ′ of Gal(U˜/U).
Let η˜ := U˜ ×U η. Then η˜/η is Galois with G := Gal(U˜/U) ≃ Gal(η˜/η). Then the system in the
right-hand side of (ii) is constant and both sides of (ii) are in bijection with HomG(ρ, ρ
′). This
concludes the proof.
Remark A.9. It is not clear to the author how to extend this result to a more general continuity
result for discrete group schemes on a projective limit of schemes with affine transition morphisms.
We deduce from this a continuity result for Deligne 1-motives.
Proposition A.10. Let S be a locally noetherian japanese scheme, η its scheme of generic points.
Then the category M1(η,Z) (resp. M1(η)) is the 2-colimit of the categories M1(U,Z) (resp.
M1(U)) for all dense open subsets U ⊂ S.
Proof. The case of M1(−) follows directly from the one of M1(−,Z). We have to show that
(i) for all M ∈ M1(η,Z), there exists U ⊂ S dense open and M ′ ∈ M1(U,Z) such that M ≃
η∗M ′, and that
(ii) for all U ⊂ S dense open and all M,N ∈M1(U,Z):
M1(η,Z)(η
∗M, η∗N) ≃ ColimV⊂UM1(V,Z)((V → U)
∗M, (V → U)∗N).
We prove (i). Let M = [L→ G] ∈ M1(η,Z) with the extension 0→ T → G→ A→ 0.
By [Gro66, The´ore`me 8.8.2.(ii), Scholie 8.8.3, The´ore`me 8.10.5.(xii)] and [Gro67, Proposi-
tion 17.7.8], we can find an U ⊂ S and a smooth group scheme G′/U such that G ≃ G′ ×U η.
Recall that an abelian scheme is by definition a smooth proper group scheme with connected fibres,
hence by [Gro66, The´ore`me 8.8.2.(ii), Scholie 8.8.3, The´ore`me 8.10.5.(xii)] and [Gro67, Proposi-
tion 17.7.8], we can shrink U and find an abelian scheme A′/U such that A ≃ A′×U η. By Lemma
A.8 and the duality between lattices and tori, we can shrink U and assume that there exists a
lattice L′ and a torus T ′ over U such that L ≃ L′ ×U η and T ≃ T ′ ×U η.
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We have spread out the pure pieces of M , it remains to glue them together. By [Gro66,
The´ore`me 8.8.2.(i)], up to shrinking U , we have morphisms T ′ → G′ → A′ which restrict to the
extension defining G. By a standard argument based on [Gro66, The´ore`me 8.10.5], up to shrinking
U , this is in fact an exact sequence of group schemes. Finally, we have to spread out the morphism
L → G. This can be done by the same Galois descent argument as in the end of the proof of
Lemma A.8.
Let us now prove (ii). In M1(−,Z), the components of a morphism are morphisms of (group)
schemes. It is enough to spread them out one by one because the resulting diagram will commute
by schematic density of η in S. We have treated morphisms of lattices in Lemma A.8. The case
of morphisms of semi-abelian schemes (which are in particular of finite presentation) is a direct
application of [Gro66, The´ore`me 8.8.2.(i)].
When the base scheme is moreover reduced or even normal, we can say more.
Proposition A.11. Let S be a locally noetherian japanese scheme, i : η → S its scheme of generic
points.
(i) Suppose S reduced. Then the pullback functor η∗ : M1(S,Z) → M1(η,Z) (resp. η
∗ :
M1(S)→M1(η)) is faithful.
(ii) Suppose moreover that S is noetherian and normal. Then η∗ is fully faithful.
Proof. Let us prove (i). By Proposition A.10 this is equivalent to the faithfulness of the functor
j∗ for all j : U → V dense open immersions. It is enough to show faithfullness of j∗ separately for
morphisms of discrete group schemes and semi-abelian schemes, and in both cases it follows from
the ”reduced to separated” uniqueness criterion [Gro60, Lemme 7.2.2.1].
We now prove (ii). By Proposition A.10, it is enough to prove fullness for the functor j∗ for
all dense open immersions j : U → V . Let M = [L
u
→ G], M ′ = [L′
u′
→ G′] ∈ M1(V,Z) and
fU = (f
L
U , f
G
U ) : j
∗M → j∗M ′. First, using the normality of V and [SGA03, Expose´ I Corollaire
10.3], the morphism fLU extends uniquely to a morphism f
L : L→ L′. Second, using the normality
of V and [FC90, Proposition 2.7], the morphism fGU extends uniquely to a morphism f
G : G→ G′.
The uniqueness ensures that (fL, fG) is a morphism M →M ′ which extends fU .
A.3 Pushforward and Weil restriction
Let g : S′ → S be a finite e´tale morphism. We want to define a pushforward functor g∗ :M1(S′)→
M1(S) using Weil restriction of scalars. Recall the following definition.
Definition A.12. Let g : S′ → S be a morphism of schemes and X/S′ be a S′-scheme. The Weil
restriction ResgX is the presheaf of sets on Sch/S defined for any S-scheme U by
Resg X(U) = X(U ×S S
′).
If X/S′ is a commutative group scheme (or more generally an fppf sheaf of abelian groups
on Sch/S), then Resg X is naturally an fppf sheaf of abelian groups on Sch/S. Moreover, the
construction of Resg is functorial and compatible with base change on S. We summarise results
on the representability of Resg X from the litterature.
Proposition A.13. Let g : S′ → S be a morphism of schemes and X/S′ be a S′-scheme.
(i) [Ols06, Theorem 1.5] Assume that g is proper flat of finite presentation. Then Resg X is
representable by an algebraic space (note that we will only need the case g finite flat, which
is presumably easier, but we could not find a reference).
(ii) [BLR90, 7.6/5] Assume that g is finite flat. If X is smooth (resp. of finite presentation)
then Resg X (which exists at least as an algebraic space by (i)) is smooth (resp. of finite
presentation).
(iii) [BLR90, 7.6/5] Assume that g is finite e´tale. If X is proper then Resg X (which exists at
least as an algebraic space by (i)) is proper.
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(iv) [BLR90, 7.6/2] Let h : X → Y be a closed immersion of S′-schemes. Then Resg h :
Resg X → Resg Y is a closed immersion of presheaves. As a corollary, if X/S if affine, then
Resg X is representable by an affine scheme.
We now use the results above to analyse Weil restriction of pure 1-motives. We are spared from
having to consider algebraic spaces by the following result.
Proposition A.14. Let g : S′ → S be a finite e´tale morphism. Let T/S′ be a torus (resp. L/S′
be a lattice, A/S′ an abelian scheme). Then Resg T is a torus (resp. Resg L is a lattice, Resg A is
an abelian scheme).
Proof. By Proposition A.13 (iv), we know that Resg T is representable by a affine S
′-group scheme.
To show that it is a torus, because Weil restriction is compatible with base change, it is enough
to show this e´tale locally on S, so that we can assume that S′ = ∪ni=1S → S, and then Resg T =∏n
i=1 T is clearly a torus.
A lattice is in particular an e´tale group scheme over S, and e´tale morphisms (including not of
finite type) satisfy effective descent in the e´tale topology (see e.g. the reference [Ryd10, Theorem
5.19] which proves a much stronger result) hence to show that Resg L is a lattice it is enough
to show this e´tale locally on S, so we can once more assume that S′ = ∪ni=1S → S, and then
Resg L =
∏n
i=1 L is again clearly a lattice.
By Proposition A.13 (i)-(iii), we know that Resg A is representable by a proper smooth algebraic
group space over S. By [FC90, Theorem 1.9], this implies that Resg A is an abelian scheme.
Now we tackle the case of semi-abelian schemes.
Lemma A.15. Let g : S′ → S be a morphism of schemes.
(i) When restricted to fppf sheaves of abelian groups, the functor Resg is left exact.
(ii) Assume that g is finite flat. Let f : G → H be a smooth and surjective morphism between
commutative groups schemes of finite presentation. Then the morphism of algebraic group
spaces Resg f : Resg G→ ResgH is smooth and surjective.
(iii) Assume g is finite flat. Let 0 → G′
i
→ G
p
→ G′′ → 0 be an exact sequence of smooth
commutative S-group schemes with G→ G′′ flat (and hence smooth). The sequence
0→ Resg G
′ → Resg G→ Resg G
′′ → 0
is exact.
Proof. Point (i) is clear from the definition. We turn to point (ii). The fact that Resg f is smooth
follows from the infinitesimal criterion of smoothness (and does not require that we are working
with group schemes). The surjectivity can be tested pointwise on S, so that by compability of Resg
with base change we can assume that S is the spectrum of a field k. Surjectivity is a geometric
property, so that we can assume k to be algebraically closed as well. We then have to check the
surjectivity of the induced map Resg G(k) = G(S
′)→ ResgH(k) = H(S′) on k-points. Since S′/k
is finite flat, it is a product of finite local algebras. Surjectivity then follows from the surjectivity
of f , the fact that k is algebraically closed, and the formal smoothness of f . Note that if g is finite
e´tale, we do not need f smooth.
For (iii), it is enough to check that Resg G
′ is the scheme-theoretic kernel of Resg p and that
Resg p is an fppf morphism. The first assertion follows from (i), and the second from (ii).
Proposition A.16. Let g : S′ → S be finite e´tale and G/S be a semi-abelian scheme. Then
Resg G is an semi-abelian scheme.
Proof. The result follows directly from Proposition A.14 and Lemma A.15 (iii).
Definition A.17. Let g : S′ → S be a finite e´tale morphism. We define the Weil restriction of a
Deligne 1-motive M = [L
u
→ G] ∈ MZ1 (S
′) as ResgM = [Resg L
Resg u
→ Resg G] which is in M1(S)
by Propositions A.14 and A.16. This induces a functor
g∗ :M
Z
1 (S
′)→MZ1 (S).
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B Motivic cohomology in degrees (∗,≤ 1)
We gather here some computations of rational motivic cohomology groups which are used at various
places in this paper. Most of the following is present, explicitely or implicitely, in [Ayo14a, §11]
and in the K-theoretic interpretation of rational motivic cohomology provided by the comparison
with Beilinson motives [CD, §14].
Notation B.1. Let S be a noetherian finite-dimensional scheme. For p, q ∈ Z, we write Hp,qM (S) :=
DA(S)(QS ,QS(q)[p]).
Proposition B.2. [Ayo14a, Proposition 11.1 (b)] Let S be a noetherian finite-dimensional scheme.
For all w < 0 and n ∈ Z, we have Hn,wM (S) ≃ 0.
Proposition B.3. Let S be a noetherian finite-dimensional quasi-excellent scheme (respectively,
a regular and finite-dimensional scheme). For all i ∈ N and n > dim(S) + 2i (resp. n > 2i), we
have Hn,iM (S) ≃ 0.
Proof. The groupHn+2i,iM (S) ≃ DA(S)(Q[n],Q(i)[2i]) is a direct factor ofDA(S)(Q[n],
∑
i∈Z Q(i)[2i]).
By Theorem [CD, 16.2.18], this group is isomorphic toDMB(S)(Q[n],
∑
i∈Z Q(i)[2i]) whereDMB(S)
is the triangulated category of Beilinson motives. By Corollary [CD, 14.2.17], we have
⊕
i∈Z Q(i)[2i] ≃
KGLQ,S where the last object is the Q-localisation of the motivic spectrum KGLS . This implies
that
DMB(S)(Q[n],KGLQ,S) ≃ SH(S)(Σ
nΣ∞T (S+),KGL)⊗Q.
By [Cis13, The´ore`me 2.20], this last group is isomorphic to KHn(S)⊗Q, where KH is homotopy-
invariant K-theory. The negative homotopy-invariant K-theory of a regular scheme vanishes, and
this implies the resp. case. Finally, by the main step in the proof of [Kel14, Theorem 3.5], under
our hypotheses on S (including quasi-excellent), the group KHn(S)⊗Q vanishes for n < − dim(S).
This completes the proof.
Remark B.4. For the cases i = 0, 1, it is likely that there is a non-K-theoretic proof, combining
results below on Hn,0M , H
n,1
M of regular schemes with an ingenious use of resolution of singularities
by alterations as in the proof of [Kel14, Theorem 3.5].
Let S be a scheme. Then we have D(Sm/S)(QS,QS) ≃ Qπ0(S) (with π0(S) the set of connected
components of S). This provides a morphism
ν0,0 : Qπ0(S) ≃ D(Sm/S)(QS,QS) −→ DA(S)(QS ,QS) = H
0,0
M (S).
More generally, we have for all n ∈ Z a morphism
νn,0 : D(Sm/S)(QS ,QS[n]) −→ H
n,0
M (S)
coming from the construction of DA(eff).
Let f : T → S be any morphism of schemes. Then it is easy to see that the diagram
D(Sm/S)(QS,QS [n])
νn,0T
//
f∗

Hn,0M (S)
f∗

D(Sm/T )(QT ,QT [n])
νn,0S
// Hn,0M (T )
is commutative. We will use this fact without comment in the proof below.
Proposition B.5.
(i) For all n < 0, we have Hn,0M (S) ≃ 0.
(ii) The morphism u0,0 induces an isomorphism H0,0M (S) ≃ Q
π0(S).
(iii) Assume S regular. For all n > 0, we have Hn,0M (S) ≃ 0.
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(iv) Let f : T → S be a smooth surjective morphism with geometrically connected fibres. Then
for all n ∈ Z, we have f∗ : Hn,0M (S)
∼
−→ Hn,0M (T ).
Proof. Statement (i) and (ii) are proved in [Ayo14a, Proposition 11.1 (a)].
Let us prove Statement (iii). Fix n > 0. We can assume that S is connected with generic
point η. By the argument at the beginning of the proof of [Ayo14a, Corollaire 11.4], combining
absolute purity and localisation with the vanishing of negative motivic cohomology (Proposition
B.2), one can deduce that for any dense open set U in S, the restriction map Hn,0M (S)→ H
n,0
M (U) is
injective. By the continuity property of [Ayo14a, Proposition 3.20], we deduce that the restriction
map Hn,0M (S) → H
n,0
M (η) is injective. So we are reduced to the case where S is the spectrum of a
field k.
By separation, we can assume that k is perfect. By [CD, Corollary 16.2.22], we reduce to
compute DM(k,Q)(Qk,Qk[n]). By the cancellation theorem [Voe10], we reduce to compute
DMeff(k,Q)(Qk,Qk[n]). Since the sheaf with transfers Qk is both cofibrant and A
1-local, this
coincides with the same Hom group computed in the derived category of e´tale sheaves with trans-
fers over Sm/S, which vanishes. This concludes the proof of (iii).
Let us prove Statement (iv). By Mayer-Vietoris, we can assume S to be affine. By a limit
argument using the continuity property of DA, we can then assume that S is of finite type over
a Dedekind ring. Using [dJ97, Corollary 5.15] applied to the irreducible components of the nor-
malisation of S and then iterating, we build a proper hypercovering π• : S˜• → S with all S˜n
regular. We pullback π• to obtain a proper hypercovering π
′
• : T˜• → T . Since f is smooth,
all T˜n are regular as well. By cohomological descent for the h-topology [CD, Theorem 14.3.4],
we have QS ≃ π•∗QS˜• and QT ≃ π
′
•∗QT˜• . We deduce that H
n,0
M (S) ≃ DA(S˜•)(QS˜• ,QS˜• [n])
and Hn,0M (T ) ≃ DA(T˜•)(QT˜• ,QT˜• [n]). By (i), (ii) and (iii), we have for every k,m ∈ Z that
DA(S˜k)(QS˜k ,QS˜k [m]) is isomorphic to Q
π0(S˜k) if m = 0 and 0 otherwise; a similar formula holds
for T˜ .
A morphism of topological spaces which is open and has connected fibres induces an isomor-
phism on sets of connected components. The map f and all its pullbacks are smooth with geomet-
rically connected fibres, hence are open with connected fibres. This implies that the map f and
its pullbacks induce isomorphisms π0(Sk) ≃ π0(Tk) on sets of connected components. This implies
the result.
Let S be a scheme. We have D(Sm/S)(QS,Gm ⊗ Q) ≃ H0(Se´t,Gm ⊗ Q) ≃ O×(S) ⊗ Q and
D(Sm/S)(QS ,Gm ⊗Q[1]) ≃ H1(Se´t,Gm ⊗Q) ≃ Pic(S)⊗Q. Combining these isomorphisms with
Proposition 2.5, this induces morphisms
ν1,1 : O×(S) −→ H1,1M (S)
and
ν2,1 : Pic(S)Q −→ H
2,1
M (S).
More generally, for any n ∈ Z, we have an induced morphism
νn,1 : D(Sm/S)(QS ,Gm[n− 1])→ H
n,1
M (S).
Proposition B.6.
(i) For all n ≤ 0, we have Hn,1M (S) ≃ 0.
(ii) Assume S regular. The morphism ν1,1 induces an isomorphism H1,1M (S) ≃ O
×(S)Q.
(iii) Assume S regular. The morphism ν2,1 induces an isomorphism H2,1M (S) ≃ Pic(S)Q.
(iv) Assume S regular. For all n 6= 1, 2, we have Hn,1M (S) ≃ 0. We have also
D(Sm/S)(QS,Gm ⊗Q[n− 1]) ≃ 0,
so that the morphism νn,1 is an isomorphism.
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Proof. Statement (i) for S regular and a weaker version of (ii) (without specifying the isomorphism)
are proved in [Ayo14a, Corollaire 11.4].
To pass from (i) for S regular to a general S, we apply resolution of singularities by alterations
and cohomological h-descent for a proper regular hypercovering (which induces a descent spectral
sequence for Hn,1(−)). To be more precise, one has to reduce to a situation where one can apply
De Jong’s theorem, e.g. S is of finite type over a Dedekind ring: for this, one uses Mayer-Vietoris
to first reduce to S affine, and then uses continuity. The argument is the same as in the proof of
Lemma 4.23, so we do not spell out the details.
We revisit and make more precise the argument in [Ayo14a, Corollaire 11.4] to establish (ii),
(iii) and (iv).
Let us first treat the case where S is the spectrum of a field. In that case, for n 6= 1, both the
source and target of νn,1 are 0, so the only interesting case is n = 1. We have to show that the
map
ν1,1k : k
× ⊗Q→ H1,1M (k)
is an isomorphism. By the definition of ν1,1, we have to show that the map
k× ⊗Q ≃ DAeff(k)(Q,Gm ⊗Q)→ DA(k)(Q,Σ
∞(Gm ⊗Q))
induced by Σ∞ is an isomorphism.
Let kperf be a perfect closure of k and h : Spec(kperf)→ Spec(k) be the canonical morphism.
In the diagram
DAeff(k)(Q,Gm ⊗Q) //
h∗

DA(k)(Q,Σ∞(Gm ⊗Q))
h∗

DAeff(kperf)(Q,Gm ⊗Q)
(Rh)∗
// DA(kperf)(Q, h∗Σ∞(Gm ⊗Q))
∼ // DA(k)(Q,Σ∞(Gm ⊗Q))
the left square commutes because of the natural isomorphism h∗Σ∞ ≃ Σ∞h∗. The left vertical
arrow is an isomorphism because k× ⊗Q ≃ (kperf)× ⊗ Q (any element of kperf has a power in k),
and the right vertical arrow is an isomorphism by separation for DA.
We are now reduced to the case when k is perfect. Then we can follow a familiar pattern:
comparison with DM(k) using [AHPL16, Theorem 2.8, Proposition 2.10], then with DMeff(k)
using Voevodsky’s cancellation theorem (this is where we need k perfect), and finally the classical
computation of weight one effective motivic cohomology [MVW06, Lecture 4].
We now do the general case. We can assume S connected, hence integral. By a continuity
argument, one can reduce to the case where S is of finite type over a Dedekind ring, and in
particular excellent. Let j : U → S be a non-empty open set and Z its closed complement. Since
S is excellent, we can stratify Z = Z0 ⊃ Z1 ⊃ . . . ⊃ Zk = ∅ in such a way that for all i, the scheme
(Zi\Zi+1)red is regular and in such a way that (Z\Z1) contains all points of codimension 1 of Z in S.
Then by applying inductively localisation, absolute purity (for the regular pair (S, (Zi \Zi+1)red))
and the vanishing result of Proposition B.5 (i) and (ii) we see that
• the map u0,0 : Qπ0(Z\Z1) → H0,0M (Z \ Z1) is an isomorphism,
• the pullback map Hn,1M (S)→ H
n,1
M (U) is an isomorphism for 6= 1, 2, and
• there is a short exact sequence
0→ H1,1M (S)→ H
1,1
M (U)→ H
0,0
M (Z \ Z1)→ H
2,1
M (S)→ H
2,1
M (U)→ 0.
Putting this together with the localisation sequence for O× and Pic, we get a diagram
0 // O×S ⊗Q
//
ν1,1S

O×U ⊗Q
val//
ν1,1U

(A)
Qπ0(Z\Z1) ≃
⊕
z∈Z(1) Q · z
//
ν0,0 ∼

(B)
Pic(S)⊗Q //
ν2,1S

Pic(U)⊗Q //
ν2,1U

0
0 // H1,1M (S)
// H1,1M (U)
// H0,0M (Z \ Z1)
// H2,1M (S)
// H2,1M (U)
// 0.
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We claim that the diagram above is commutative. For the two outer squares, this follows from the
commutation of uS with pullbacks in Proposition 2.5.
For the commutation of diagrams (A) and (B), we have to do more work, since one arrow is
defined explicitly using valuations and line bundle attached to a divisor while the other is defined
via the absolute purity isomorphism. Instead of giving a long explicit computation, we prefer to see
it as a special case of De´glise’s machinery of “residual Riemann-Roch formulas” in [De´g11, 4.2.1,
5.5.1]; namely, take the diagram (4.2.1 b) in loc. cit. with E being algebraic K-theory tensor Q,
F being motivic cohomology with rational coefficients, the morphism φ being the Chern character,
and then use that O×(S)Q ⊂ K1(S)⊗Q (resp. Pic(S)Q ⊂ K0(S)⊗Q for S regular), and that the
Chern character maps coincide with the maps νn,1 modulo this identification.
Passing to the limit in the previous commutative diagram over all non-empty open sets, using
continuity both for motivic cohomology and for the e´tale cohomology of Gm, we get a commutative
diagram
0 // O×S ⊗Q
//
ν1,1S

κ(S)× ⊗Q
val//
ν1,1U

⊕
z∈S(1) Q · z
// Pic(S)⊗Q //
ν2,1S

Pic(κ(S)) //
ν2,1U

0
0 // H1,1M (S)
// H1,1M (κ(S))
//
⊕
z∈S(1) Q · z
// H2,1M (S)
// H2,1M (κ(S))
// 0.
Using the case of a base field treated above, we see that
• the group Hn,1M (S) vanishes for n 6= 1, 2, and
• there is a short exact sequence
0→ H1,1M (S)→ κ(S)
× ⊗Q
val
→
⊕
z∈S(1)
Q · z → H2,1M (S)→ 0.
Using the normality (resp. regularity) of S, this implies H1,1M (S) ≃ O(S)
×
Q and H
2,1
M (S) ≃ Pic(S)Q
and finishes the proof.
We finish by giving an example which shows that even for weight zero motivic cohomology on
normal (but not regular) schemes, the result can differ from e´tale cohomology.
Proposition B.7. Let S be a normal excellent surface with a unique singular point. Let π : S˜ → S
be a resolution of singularities of S, with D = π−1(p) simple normal crossing divisor in S˜. Let
Γ = (V,E) be the dual graph of D. Then
Hn,0M (S) ≃


Q, n = 0
H1(Γ,Q), n = 2
0, n 6= 0, 2
while on the other hand
D(Sm/S)(QS,QS [n]) ≃
{
Q, n = 0
0, n 6= 0
.
Proof. The last statement comes from the fact that the e´tale cohomology of a normal scheme with
Q-coefficients is trivial. So we concentrate on the first. For n ≤ 0, the result follows from B.5, so
we assume n > 0.
We have the cartesian diagram of schemes:
U
˜
// S˜
π

D
ı˜oo
πp

U
j
// S p
ioo
83
Localisation yields the long exact sequence:
DA(S)(QS ,QS[n− 1]) // DA(U)(QU ,QU [n− 1]) // DA(p)(Qp, i!QS[n]) // DA(S)(QS ,QS[n])

DA(U)(QU ,QU [n]).
By Proposition B.5 (using that U is regular, and that π0(S) ≃ π0(U)), this yields an isomorphism
DA(p)(Qp, i
!QS[n]) ≃ DA(S)(QS ,QS [n]).
Write {Dv}v∈V for the set of irreducible components of D and pe for the intersection point
Dv ∩Dv′ for e = vv
′ ∈ E. We set Z =
⋃
e∈E{pe} and D˚ = D \ Z. Write k : D˚ → D, l : Z → D.
Localisation gives a distinguished triangle
l∗(˜ı ◦ l)
!QS˜ → ı˜
!QS˜ → k∗ (˜ı ◦ k)
!QS˜
+
→ .
By the relative purity theorem for DA (see [Ayo07a, 1.6.1] and [Ayo14a, Corollaire 3.10]) applied
to the regular immersions ı˜ ◦ l and ı˜ ◦ k, this triangle takes the form:
l∗QZ(−2)[−4]→ ı˜
!QS˜ → k∗QD˚(−1)[−2]
+
→ .
So we get the exact sequence:
DA(Z)(QZ ,QZ(−1)[n− 2])→ DA(D)(QD, ı˜
!QS˜[n])→ DA(D˚)(QD˚,QD˚(−2)[n− 4])
By Proposition B.2, the groups on the left and on the right are zero for all n ∈ Z, so we conclude
that DA(D)(QD, ı˜
!QS˜[n]) = 0 for all n ∈ Z.
Now, the fact that πU is an isomorphism, colocalisation and base change for immersions (see
[Ayo07a, 1.4.6]) implies that Cone(i!QS → πp,∗ı˜!QS˜) ≃ Cone(Qp → πp,∗QD). Combining with the
previous result, we get that for all n ∈ Z:
DA(S)(QS ,QS [n]) ≃ DA(p)(Qp,Cone(Qp → πp,∗QD)[n− 1])) ≃ DA(p)(Qp, πp,∗QD[n− 1])
(where the last isomorphism follows as n > 1).
Using Cech descent for closed covers and Proposition B.2, it is then easy to see that this last
group is isomorphic to Q if n = 0 (note that Γ is connected by normality of S), isomorphic to
H1(Γ,Q) if n = 1, and 0 otherwise.
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